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FOREWORD 

The research program descr ibed he re in  was 

sponsored by the  National Aeronautics and 

Space Administration, L e w i s  Research Center,  

Cleveland, Ohio, 44135, under con t r ac t  

NAS3- 11226. The s tudy was conducted during 

t h e  14-month per iod  beginning 22 May 1968 

and ending 22 Ju ly  1969. NASA Pro jec t  

Manager was D r .  R .  J .  P r i e m .  The Rocketdyne 

program manager was M r .  T. A .  Coul tas ,  with 

D r .  C. L .  Oberg as respons ib le  engineer .  

D r .  Oberg was l a rge ly  respons ib le  f o r  form- 

u l a t i o n  of t h e  v a r i a t i o n a l - i t e r a t i o n a l  

technique; D r .  T. L. Wong was respons ib le  

f o r  numerical so lu t ion  of  t he  r e s u l t a n t  

equat ions ,  and D r .  R.  A. Schmeltzer devel- 

oped the  s e c u l a r  equation method. 

This r epor t  has been assigned t h e  Rocketdyne 

r epor t  No. R-8076. 
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ABSTRACT 

As a means of studying t h e  e f f e c t s  of b a f f l e s  on 

acous t i c  modes of comb*stion i n s t a b i l i t y ,  analy- 

t i c a l  methods have been developed f o r  ca lcu la t ing  

the wave motion i n  closed, b a f f l e d  chambers with 

r i g i d  o r  nonrigid boundaries.  

encompass so lv ing  the  wave equation f o r  t he  

baf f led  chamber by converting the  d i f f e r e n t i a l  

equation and boundary condi t ions t o  an i n t e g r a l  

equation which, i n  tu rn ,  is solved by approximate 

means. A v a r i a t i o n a l  technique i n  combination 

with an i t e r a t e d  approximation was used t o  so lve  

the  i n t e g r a l  equation. Numerical r e s u l t s  were 

obtained f o r  two-dimensional chambers containing 

one o r  s eve ra l  equal length and equal ly  spaced 

b a f f l e s .  The r e s u l t s  show an e s s e n t i a l l y  con- 

t inuous pressure  d i s t r i b u t i o n  along t h e  b a f f l e  

t i p s .  Requirements f o r  con t inu i ty  of ve loc i ty  

and energy f l u x  a r e  automatical ly  met with t h i s  

method. Furthermore, the e f f e c t s  o f  a s i n g l e  

b a f f l e  on t h e  s t a b i l i t y  of a chamber with non- 

r i g i d  walls,  i . e . ,  gain/ loss- type boundary condi- 

t i o n s ,  has been success fu l ly  analyzed f o r  one 

p a r t i c u l a r  two-dimensional geometry. Thus, t he  

a b i l i t y  t o  genera l ize  the  method f o r  nonzero boundary 
condi t ions has a l s o  Seen demonstrated. F ina l ly ,  

convergence of the i t e r a t i o n  scheme has n o t  been 

proved but  very good numerical r e s u l t s  were ob- 

ta ined  and i t  is  l i k e l y  t h a t  adequate convergence 

can b e  achieved. 

These methods 

v /v i  



CONTENTS 

Foreword iii 

Ab s t r a c t  V 

x i  Nomenclature . . . . . . . . . . . . . . . . . . .  
Summary 1 

In t roduct ion  . . . . . . . . . . . . . . . . . .  3 

Analy t ica l  Approach . . . . . . . . . . . . . . .  4 

Analysis 7 

I n t e g r a l  Formulation . . . . . . . . . . . . . . .  7 

Gain/Loss-Type Boundary Conditions . . . . . . . . . .  10 

Two-Dimensional Chamber With Rigid Walls . . . . . . . .  11 

Main-Chamber Approximat ion . . . . . . . . . . . . .  11 

Baffle-Compartment Approximation . . . . . . . . . . .  1 2  

I t e r a t i v e  Approximat ion . . . . . . . . . . . . . .  15 

Conclusions . . . . . . . . . . . . . . . . . .  29 

. . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . .  
Variat ion-I t ,erat ion Technique . . . . . . . . . . . .  8 

Analy t ica l  Resul ts  . . . . . . . . . . . . . . . .  11 

Two-Dimensional Chambers With Gain/Loss Boundary Conditions . 21 

References . . . . . . . . . . . . . . . . . . .  31 

Appendix A 

Secular  Equation Technique . . . . . . . . . . . . .  A-1 

Appendix B 

Development o f  Equations . . . . . . . . . . . . . .  B - 1  

Appendix C 

Computer Programs . . . . . . . . . . . . . . . .  C-1  

Qpendix D 

D i s tr ibu t ion . . . . . . . . . . . . . . .  . D - 1  

v i i / v  i i i 



ILLUSTRATIONS 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

Pred ic t ed  Frequency Dependence on Baffle Length From 

t h e  Main Chamber Approximation . . . . . . . 
Pred ic t ed  Pressure P r o f i l e s  on Each Side o f  t h e  Main 

Ch amb e r  - Comp ar t  men t In t e r  f ac  e From t h e  Main - Ch amb e r 
Approximation . . . . . . . . . . . . . 
Predicted Pressure P r o f i l e s  on Each Side o f  t h e  

I n t e r f a c e  From t h e  Compartment Approximation . . . 
Predicted Frequency Dependence on Baffle Length From 

t h e  I te ra t ive  Approximation . . . . . . . . 
Predicted Pressure P r o f i l e s  f o r  a S ing le  Baff le  From 

t h e  I te ra t ive  Approximation . . . . . . . . 
Predicted Pressure P r o f i l e s  f o r  Four Baffles From 

t h e  I t e r a t ive  Approximation . . . . . . . . 
Dependence o f  E r ro r  on Number o f  I t e r a t i o n s  . . . 
Dependence of E r r o r  on Number o f  Terms i n  m Retained 

Dependence o f  Er ror  on Number of  Terms i n  q Retained 

Comparison Between Measured and Predicted Pressure 

D i s t r i b u t i o n  f o r  Baffled Chamber , . . . . . . 
Pred ic t ed  Effect of  One Baf f l e  on S t a b i l i t y  L i m i t  : 

. . .  

. . .  

. . .  

. . .  

. . .  

. . .  

. . .  

. . .  

. . .  

. . .  

. . .  

13 

1 4  

16 

17 

19 

20 

22 

23 

23 

24 

27 

ix /x 



NOMENCLATURE 

a (n) = coe f f i c i en t  defined by E q .  1 2  ( lb f / in . )  3 P9 

A = v a r i a t i o n a l  parameter 

= def ined  by E q .  9 ( lb f / in . )  3 

C = sound ve loc i ty ,  i n . / s ec  

Ga(r l ro)  = Green’s funct ion for main chamber 
+ - +  

-+-+ 
$,p(rlro) = Green’s funct ion f o r  pth b a f f l e  compartment 

= (-1) 1 / 2  j 

k = w/c, inch-’ 

k = (k2 - q n /w ) ’I2, inch -1 

(k2  - r n * ~ ~ / W ~ ) ~ ’ ~ ,  inch -1 

4 

= 
km 

R = b a f f l e  length,  inches 

L = main chamber length ,  inches 

= ( 2  + L)  , t o t a l  chamber length,  inches Lt 

m = index, p o s i t i v e  i n t e g r a l  values  

N’ = uni t  normal vec to r  d i r e c t e d  outward 

= pres su re ,  l b f / i n .  2 
P 

9 = index, p o s i t i v e  i n t e g r a l  values  

-+ r = p o s i t i o n  vec to r ,  inches 

s = su r face  area, sq i n .  

xi 
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P 

tJ 

t o t a l  chamber-compartment i n t e r f a c e  area,  sq  i n .  

chamber-compartment i n t e r f a c e  a rea  of pth compartment, sq i n .  

longi tudina l  ve loc i ty  component, in . / sec  

3 chamber volume, inch 

width of b a f f l e  compartment, inches 

width of main chamber, inches 

l a g  i t u d i n a l  pos i t i on  coordinate ,  inches 

t ransverse  pos i t i on  coordinate ,  inches 

s p e c i f i c  acous t i c  admittance of i n j e c t o r  end (dimensionless) 

s p e c i f i c  acous t i c  admittance of nozzle  end (dimensionless) 

1 i f  v = 0 ,  2 i f  v #  0 

= 

= dv}/v, dimensionless 

= b a f f l e  compartment index, p o s i t i v e  i n t e g r a l  values 

= normal pressure  g rad ien t ,  l b f / i n .  

= 

eigenvalue f o r  re ference  volume, inch-' 

n 

3 time averaged gas dens i ty ,  lbm/in.  

= ww/c 

$n ($1 = eigenfunct ions f o r  re ference  volume 

w = angular  frequency, rad ians /sec  

x i i  



SUBSCRIPTS 

a = r e f e r s  t o  main chamber 

b = r e f e r s  t o  b a f f l e  compartments 

1-I = r e f e r s  t o  pth b a f f l e  compartment 

0 = r e f e r s  t o  source coordinates f o r  Green's funct ions 

SUPERSCRIPTS 

S = r e f e r s  t o  source s.urface ( in t e r f ace )  

overbar = denotes p a r t i c u l a r  index 

(n 1 = r e f e r s  t o  nth i t e r a t i o n  

A = denotes maximum value r e t a ined  i n  summation 

x i i i / x i v  





SUMMARY 

Analyt ical  methods have been developed f o r  ca l cu la t ing  the  wave motion 

i n  c losed,  b a f f l e d  chambers with r i g i d  and nonrigid boundaries. 

ca t ion  of  these methods t o  the  design of i n j ec to r - f ace  b a f f l e s  i n  l i qu id -  

p rope l l an t  engines w i l l  provide s i g n i f i c a n t  i n s i g h t  i n t o  the  e f f e c t s  of  

b a f f l e s  on combustion s t a b i l i t y .  

Appli- 

During t h i s  program, approximate so lu t ions  t o  the  wave equation, with 

e s s e n t i a l l y  continuous pressure  d i s t r i b u t i o n s ,  were obtained f o r  c losed,  

two-dimensional chambers containing an u n r e s t r i c t e d  number of equal length 

and equal ly  spaced b a f f l e s .  

wave equation and boundary condi t ions t o  an i n t e g r a l  equation; t h i s  i n t e -  

gral  equation was solved with a combination of v a r i a t i o n  and i t e r a t i o n  

methods. The mathematical techniques used t o  obta in  these  so lu t ions  apply 

equal ly  well t o  c y l i n d r i c a l  or annular chambers, and t o  unequal b a f f l e  

lengths o r  spacing, although with some increase  i n  complexity. A s  y e t ,  

however, numerical r e s u l t s  have not  been obtained f o r  these more compli- 

cated configurat ions.  The ca lcu la ted  frequencies  and o s c i l l a t o r y  pressure  

d i s t r i b u t i o n s  f o r  two-dimensional chambers a r e  i n  good agreement with d a t a  

obtained from bench-scale acous t ic  models. 

Solut ions were obtained by converting the  

Calculat ions were a l so  made f o r  similar chambers with a loss- type boundary 

condi t ion (admittance) a t  the  nozzle end of  t h e  chamber, and a gain-type 

boundary condition a t  the  i n j e c t o r  end. These boundary condi t ions s imulate  

pressure-coupled gains and losses .  Results f o r  t h e  p a r t i c u l a r  case con- 

s ide red  suggest t h a t  b a f f l e s  improve s t a b i l i t y  i n  an engine by reducing 

ve loc i ty  r a t h e r  than pressure  coupling. 

f a c t  t h a t ,  i n  t h e  pressure-coupled (acoustic-admittance) case considered, 

t h e  addi t ion  of one b a f f l e  was found t o  worsen r a t h e r  than improve s t a b i l i t y .  

Nevertheless,  t he  a b i l i t y  t o  employ the  a n a l y t i c a l  approach with nonzero 

boundary conditions has been demonstrated. 

This i nd ica t ion  i s  drawn from the  

Convergence of t he  i t e r a t i o n  scheme has not  been proved, but  very good 

numerical r e s u l t s  were obtained. I t  appears l i k e l y  t h a t  adequate convergence 

can be  achieved. 
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INTRODUCTION 

Baffles are t y p i c a l l y  comprised of an a r ray  of b lades ,  o f t en  s t r a i g h t ,  

mounted on the i n j e c t o r  f ace  and p ro jec t ing  seve ra l  inches downstream. 

Typical configurat ions may be  found i n  Ref. 1 and 2 .  

Current ly ,  b a f f l e s  are designed p r i n c i p a l l y  from considerat ion of t h e  

o s c i l l a t o r y  ve loc i ty  c h a r a c t e r i s t i c s  of observed o r  an t i c ipa t ed  acous t i c  

modes f o r  t he  chamber. The b a f f l e  blades are genera l ly  pos i t ioned  a t  o r  

nea r  t h e  ca lcu la ted  loca t ion  of t he  ve loc i ty  antinodes (maxima); t h e  

antino'dal loca t ions  are ca l cu la t ed  from acous t i c  expressions t h a t  p e r t a i n  

t o  c losed,  unbaffled chambers. Thus loca ted ,  t h e  b a f f l e s  a re  thought t o  

" in t e r f e re"  with t h e  normal acous t i c  modes and thereby promote s t a b i l i t y .  

Although t h i s  approach i s  o f t en  success fu l ly  appl ied ,  it is unsa t i s f ac to ry  

because no cons idera t ion  i s  given t o  the  wave motion poss ib l e  once t h e  

b a f f l e s  are i n s t a l l e d .  

Further ,  empir ica l  design r u l e s  have been developed from motor f i r i n g  and 

some acous t i c  modeling r e s u l t s ,  bu t  t hese ,  too ,  are unsa t i s f ac to ry  because 

they lack q u a n t i t a t i v e  cha rac t e r  and are  no t  always v a l i d .  Moreover, these  

r e s u l t s  provide l i t t l e  i n s i g h t  i n t o  t h e  manner i n  which s t a b i l i t y  i s  i m -  

proved. Several  of t hese  techniques a r e  descr ibed i n  Ref. 1 and 2. 

I t  is evident  t h a t  a b e t t e r  fundamental understanding of t h e  o s c i l l a t o r y  

c h a r a c t e r i s t i c s  of  b a f f l e d  chambers would con t r ibu te  s i g n i f i c a n t l y  t o  

more nea r ly  sound design techniques.  Few previous analyses o f  t hese  os- 
c i l l a t o r y  c h a r a c t e r i s t i c s  have been repor ted ,  perhaps because o f  t h e  mathe- 

matical d i f f i c u l t i e s  involved. One approximation used i s  obtained by f irst  

assuming the  wave motion wi th in  the  b a f f l e  compartments i s  only longi tudi -  

n a l ,  and then matching the  r a t i o  of  p re s su re  and normal component of  velo- 

c i t y  (admittance) a t  t h e  i n t e r f a c e  between t h e  compartments and the  main 

chamber. This approximation y i e l d s  a moderately good estimate of t h e  

frequency depression produced by b a f f l e s  a t  the  normal chamber f requencies .  

3 



However, i n  t h i s  approximation, none of the  con t inu i ty  requirements on 

pressure ,  ve loc i ty ,  and energy f l u x  across  the  i n t e r f a c e  a re  met. Fur ther ,  

b a f f l e  spacing does not  e n t e r  i n t o  the  ca lcu la t ion .  Therefore, t h i s  ap- 

proximation i s  lacking i n  many respec ts .  

Other attempts a t  ana lys i s  of the  problem have been l a rge ly  unsuccessful.  

Therefore, these  provide l i t t l e  foundation on which t o  base another study. 

Fortunately,  however, thorough analyses have been developed i n  the  acous- 

t i c s  l i t e r a t u r e  f o r  r e l a t e d  kinds of problems. These do provide a sat is-  

fac tory  s t a r t i n g  po in t  f o r  an ana lys i s  of baf f led  chambers. 

ANALYTICAL APPROACH 

The ana ly t i ca l  approach i s  based on t h e  assumption t h a t  the  l i n e a r  acous t ic  

behavior of  a b a f f l e d  chamber adequately approximates th.e wave motion i n  a 
b a f f l e d  combus t i o n  chamber. Although t h i s  approximation may be lacking i n  

some re spec t s ,  it has been e f f e c t i v e l y  used f o r  s t a b i l i t y  problems i n  the  

p a s t ,  and f u r t h e r  it i s  c e r t a i n l y  an appropriate  s t a r t i n g  poin t  f o r  more 

thorough ana lys i s .  

Thus, t h e  e f f e c t s  of  b a f f l e s  were inves t iga t ed  by so lv ing  the  wave equation 

f o r  closed, b a f f l e d  c a v i t i e s .  

var ious lo s s  processes  were simulated t o  some ex ten t  by employing gain/ 

loss-type boundary condi t ions.  The e f f e c t s  of s teady flow have been l a rge ly  

neglected; however, a modified ("vir tual")  boundary condition was employed, 

which p a r t i a l l y  accounts f o r  t h i s  flow. 

The e f f e c t s  of combustion dr iv ing  and the  

Although t h e  problem has been s impl i f i ed  t o  t h e  ex ten t  t h a t  only the  wave 

equation need b e  solved,  t h e  so lu t ion  i s  s t i l l  no t  s t ra ight forward .  

presence of  b a f f l e s  ( the  boundary shape) precludes the  use  of t h e  separat ion-  

of -var iab les  technique t o  so lve  t h i s  equation. For similar problems Morse 

(Ref, 3, pg. 1039) suggests  using an i n t e g r a l  formulation of t h e  problem 

and then so lv ing  t h e  r e s u l t a n t  i n t e g r a l  equation by approximate means. 

The 
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Accordingly, the  wave equation and boundary condi t ions were r ewr i t t en  as 

an i n t e g r a l  equation, which was solved by two approximate means: 

i t e r a t i o n - v a r i a t i o n  technique and a s e c u l a r  determinant technique. 

i s f a c t o r y  r e s u l t s  were only obtained with the  former method. 

an 

Sat-  

The approximations were guided by, and t e s t e d  aga ins t ,  frequency and 

os 'c i l la tory-pressure  d a t a  from bench-scale acous t i c  modeling tests. 

i s  c l e a r  from these  d a t a  t h a t  t he  normal t ransverse  modes of t h e  chamber 

a r e  d i s t o r t e d ,  b u t  no t  e l iminated,  by the  addi t ion  of b a f f l e s .  Further ,  

t h e  b a f f l e  

o s c i l l a t o r y  system with a continuous pressure  d i s t r i b u t i o n  nea r  t he  i n t e r -  

face between them. However, compartment modes, which a re  l a rge ly  confined 

t o  t h e  b a f f l e  compartments, a l s o  appear. These observat ions from modeling 

t e s t s  a r e  compatible with engine t e s t  (ho t - f i r i ng )  da t a  as  wel l .  

I t  

compartments and main chamber genera l ly  ac t  as a c lose ly  coupled 



ANALYSIS 

INTEGRAL FORMULATION 

Because t h e  wave equation cannot be solved by separa t ion  of  va r i ab le s  f o r  

t he  ba f f l ed  chamber, t h i s  equation and the  accompanying boundary conditions 

were converted t o  an i n t e g r a l  equation t h a t  was solved by approximate means. 

The s t e p s  involved i n  t h i s  conversion a re  described by Morse (Ref. 4, page321); 

the  Helmholtz equation, which i s  t h e  wzve equation f o r  a harmonic time dependence 

2 2 V p + k p  = 0 

may be r ewr i t t en  as 

+ +  where G(rlr ) i s  a Green's funct ion,  which s a t i s f i e s  e i t h e r  t h e  same boundary 

condi t ions as t h e  p re s su re  (p) ,  o r  a zero-gradient boundary condi t ion.  In 

addi t ion ,  Green's func t ion  s a t i s f i e s  t he  d i f f e r e n t i a l  equation 

0 

+ +  ' 2  2 
V G + k G = -B(r - ro) (3) 

where B(?  - ) i s  a Dirac d e l t a  func t ion .  
0 

The i n t e g r a l  expression f o r  pressure  i s  used with sepa ra t e  Green's func t ions  

wr i t t en  f o r  each b a f f l e  compartment and a l s o  f o r  t h e  main chamber. 

of these  Green's func t ions  i s  zero outs ide  of t h e  compartment t o  which it 

appl ies .  However, the  o s c i l l a t o r y  pressure  and normal component of ve loc i ty  

must be  continuous across  the  i n t e r f a c e  between each region.  Therefore,  

a t  t h i s  i n t e r f a c e ,  

Each 
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+ +  + +  
where G ( r l r  ) i s  t h e  Green's function for t h e  main chamber, G 

t h e  Green's funct ion f o r  t he  pth b a f f l e  compartment, and 
(rlr,) i s  a 0  bP 

+- 
E ( $ )  = N - V  pa(;:) 

3 

= -N.V pb($) 

Assuming t h e  b a f f l e  compartments and main chamber have r egu la r  geometries,  

the  necessary Green's funct ions can be r e a d i l y  developed. 

equations ind ica ted  by Eq. 4 a re  solved f o r  5 ,  then the  pressure  at any 

po in t  wi th in  t h e  combustion chamber can b e  ca lcu la ted  from Eq. 2 .  

t i o n ,  a set  of  f requencies  (eigenvalues) w i l l  be  obtained from Eq. 4. 

If  the  s e t  of 

In  addi- 

Morse (Ref. 4, pg. 680) suggests  approximate s o l u t i o n  of  Eq. 4 by a va r i a -  

t i o n a l  technique; he a l s o  suggests  a secular-equat ion technique f o r  similar 

problems (Ref. 3, pg. 1040). From each of t hese  methods, a c h a r a c t e r i s t i c  

equation i s  obtained which, i n  t u r n ,  must be  solved f o r  t h e  eigenvalues o r  

frequencies of  the  chamber. 

The v a r i a t i o n a l - i t e r a t i o n a l  technique w i l l  be  described i n  some d e t a i l .  A 

descr ip t ion  of  t he  secular-equat ion method w i l l  be  given i n  Appendix A be- 

cause no s a t i s f a c t o r y  r e s u l t s  were obtained with t h i s  method. 

VARIATION-ITERATION TECHNIQUE 

Morse (Ref. 4 ,  pg. 680)  developed a v a r i a t i o n a l  func t ion  from Eq. 4, al-  

though he was considering only two coupled c a v i t i e s .  An approximate 

expression f o r  E ,  o r  r a t h e r  t he  normal ve loc i ty ,  containing an unspecif ied 

parameter was inse r t ed  i n t o  the v a r i a t i o n a l  func t ion  and t h e  v a r i a t i o n a l  

procedure was used t o  optimize t h e  parameter, i . e . ,  s e l e c t  the  "best" value.  

From t h i s ,  a second-order es t imate  of t he  eigenvalue (frequency) and a 

f i r s t - o r d e r  es t imate  of t h e  eigenfunct ion (pressure) was obtained. 

8 



I f  t h i s  procedure i s  appl ied t o  the  b a f f l e  problem with an approximate 

func t ion  of t he  form 5 = A being used, where A i s  t h e  v a r i a t i o n a l  

parameter bu t  F is  a s t i l l  unspec i f ied  funct ion of pos i t i on ,  t h e  v a r i -  

a t i o n a l  procedure leads t o  t h e  r e s u l t  

where 

The mathematical d e t a i l s  concerning t h e  development of  Eq. 6 are summarized 

i n  Appendix A. Because 

c i t y ,  t h i s  procedure shows t h a t  the  b e s t  approximate eigenvalue (frequency) 

i s  obtained by r equ i r ing  con t inu i ty  of t h e  energy f l u x  at  t h e  i n t e r f a c e  

between t h e  main chamber and t h e  b a f f l e  compartments. 

normal v e l o c i t y  i s  automatical ly  s a t i s f i e d  but  pressure  i s  n o t ,  un less  t he  

exact so lu t ion  i s  used. 

i s  propor t iona l  t o  t h e  normal component of velo- 

Cont inui ty  of  t h e  

During the  i n i t i a l  p a r t  of t h i s  program, seve ra l  approximations were t r i e d  

f o r  %. 
t i o n  i s  unimportant.)  However, i n  each case,  t he  pressure  match across  

the  i n t e r f a c e  w a s  poor. Consequently, an i t e r a t i o n  procedure was devised 

t o  improve these  i n i t i a l  es t imates .  

(The overbar on 5 w i l l  be  subsequently omitted because the  d i s t i n c -  

The i t e r a t i o n  was done with the  a i d  of or thogonal i ty  p rope r t i e s .  

func t ions  were obtained as expansions i n  terms of orthogonal func t ions ,  

and similar kinds of expansions were obtained f o r  t h e  p re s su res .  

i t e r a t i o n  was done by: (1) i n i t i a l l y  assuming a pressure  d i s t r i b u t i o n  

Green's 

The 
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on t h e  baffle-compartment s i d e  of t h e  i n t e r f a c e ;  (2) ca lcu la t ing  t h e  cor- 

responding normal grad ien t  ( E )  from the  expansion ;(3) then ca l cu la t ing  

the pressure  on t h e  chamber s i d e  from t h a t  expansion f o r  5; and (4) f i n a l l y  

equat ing expansions f o r  p a 
p and complete the  cycle.  

and pb t o  ob ta in  a new set of c o e f f i c i e n t s  f o r  

b 

Convergence of  t h i s  i t e r a t i o n  scheme w a s  no t  proved; however, good numerical 

r e s u l t s  were obtained. 

GAIN/LOSS-TYPE BOUNDARY CONDITIONS 

Nonzero, admittance-type boundary condi t ions can be added a t  each end of 
t he  chamber without d i f f i c u l t y .  By de f in ing  Green's func t ions ,  which s a t i s f y  

the  same boundary condi t ions a t  the  closed ends of t h e  chamber as those 

s a t i s f i e d  by the  pressure ,  the  .foregoing 

change. 

equations may be used without 
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ANALYTICAL RESULTS 

TWO-DIMENSIONAL CHAMBER WITH R I G I D  WALLS 

With t h e  v a r i a t i o n a l  method, con t inu i ty  of  t h e  normal component of v e l o c i t y  

and energy f l u x  across  t h e  i n t e r f a c e  between the  main. chamber and b a f f l e  

compartments i s  automatical ly  s a t i s f i e d .  However, con t inu i ty  of pressure  

i s  n o t  s a t i s f i e d  unless  t he  exac t  so lu t ion  i s  found. This i n t e r f a c e ,  as 

sketched below, i s ,  of  course,  simply a convenient su r f ace  on which t o  

match so lu t ions  f o r  the  compartment and main chamber. 

f M A ' N  CHAMBER r I NTERFACE 

In  an e f f o r t  t o  s a t i s f y  the  pressure  condi t ion as well as poss ib l e ,  t h r e e  

d i f f e re ' n t  kinds of approximate funct ions were used. 

t h e  p re s su re  d i s t r i b u t i o n  on t h e  main-chamber s i d e  of t h e  i n t e r f a c e  was 

assumed t o  be of t he  form cos % i y / W .  

assumed f o r  t h e  compartment s ide .  

p ressure  match; t he re fo re ,  t he  i t e r a t i o n  scheme was developed t o  improve 

the  agreement. 

In t h e  f i rs t  of these ,  

Secondly, a similar d i s t r i b u t i o n  w a s  
Nei ther  of t hese  r e s u l t e d  i n  a good 

MAIN- CHAMBER APP ROXI MAT I ON 

With t h e  main-chamber approximation ( i  . e . ,  assumed pressure  p f o f i l e  on 

chamber s i d e )  the  fol lowing c h a r a c t e r i s t i c  equation was obtained (see  

Appendix B)  f o r  equal length and equal ly  spaced b a f f l e s .  

11 



where 

The i n t e g r a l  f o r  A 

pac t ly  as  shown. 

was evaluated a n a l y t i c a l l y  b u t  i s  wr i t t en  more com- w m  

The predic ted  frequencies  obtained from numerical so lu t ion  of E q .  9 ,  f o r  

the  f i r s t - t r a n s v e r s e  mode i n  t h e  main chamber, a r e  shown i n  Fig. 1, along 

with some unpublished acous t i c  modeling da ta .  These frequency r e s u l t s  a r e  

not  e n t i r e l y  unsa t i s f ac to ry  desp i t e  being somewhat low; however, t he  pre-  

d ic ted  pressures  were e n t i r e l y  unsa t i s f ac to ry .  

each s i d e  of the  i n t e r f a c e  a re  shown i n  F i g .  2 .  Because of the  l a rge  d i s -  

p a r i t y  shown i n  t h i s  f i g u r e ,  t he  ana lys i s  and ca l cu la t ions  were ca re fu l ly  

checked f o r  e r r o r s  bu t  none were found. Thus, it was concluded t h a t  a 

b e t t e r  approximation was needed. 

ca l cu la t ed  pressures  on 

BAFFLE-COMPARTMENT APPROXIMATION 

%e second approximation was developed from an assumed pressure  p r o f i l e  of 

cos ?iilTy/W on t h e  compartment s i d e  of t h e  i n t e r f a c e .  

p l i c a t e d  c h a r a c t e r i s t i c  equation was obtained (see Appendix B) : 

A somewhat more com- 
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The p res su re  d i s t r i b u t i o n  on t h e  compartment s i d e  of  t h e  i n t e r f a c e  f o r  t h e  

vth compartment was given by 

which i s  merely a Fourier  s e r i e s  r ep resen ta t ion  of cos 'iiTny/W. 

so lu t ion  of Eq. 10 was attempted, no s o l u t i o n s  were found t o  e x i s t  un less  

only t h e  f i rs t  term i n  q was r e t a ined ,  i n  which case a l l  c o e f f i c i e n t s  i n  

t h e  Four ie r  series (Eq. 11) a re  zero except t h e  f irst .  Thus, t h e  pressure  

match a t  the  i n t e r f a c e  w a s  poor i n  t h i s  case as w e l l ;  exemplary r e s u l t s  are 

shown i n  Fig.  3. However, t he  frequency r e s u l t s  improved. 

When numerical 

The i t e r a t i v e  ca l cu la t ions  were made with t h i s  compartment approximation 

as a s t a r t i n g  condi t ion,  i . e . ,  a zeroth i t e r a t i o n .  

I TE RAT1 VE APPROXIMATION 

The c h a r a c t e r i s t i c  equat ion obtained i n  t h i s  case (Appendix B) i s  the  same 

as t h a t  shown i n  Eq. 10 except  the  c o e f f i c i e n t s  A are replaced by an 
1-1@ 

, where a (n+ 1) 
1-19 

and 

The frequencies  obtained by numerical s o l u t i o n  o f  t h i s  c h a r a c t e r i 2 t i c  equa- 

t i o n  f o r  t h e  f i r s t - t r a n s v e r s e ,  main-chamber mode are shown i n  Fig.  

with t h e  acous t i c  modeling data .  The curve denoted by "zero i t e r a t i o n s "  i s  

t h e  r e s u l t  from the  compartment approximation j u s t  described. Agreement 

4 ,  along 
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between predic ted  and measured frequencies  i s  q u i t e  good. 

a somewhat higher  t rend a t  the  longer b a f f l e  lengths ,  but  t h i s  i s  bel ieved 

t o  be  due t o  intercompartmental leakage i n  the  acous t i c  model. 

The d a t a  show 

The modeling da ta  were obtained from a two-dimensional rec tangular  model 

(20 x 30 cent imeters)  with one o r  four  ba f f l e s  of (approximately) equal 

length and spacing mounted i n  one end. The l a r g e s t  share  of t hese  da t a  

( those obtained with four  b a f f l e s )  were obtained with r e l a t i v e l y  loose- 

f i t t i n g  b a f f l e s .  This lack of snug fit is  l i k e l y  t o  have caused some 

e r r o r  i n  experimental  r e s u l t s ,  e spec ia l ly  with long b a f f l e s ,  because of  

intercompartmental . leakage. 

by these  d a t a  has been observed repeated i n  engine t e s t s  and i n  o the r  

modeling t e s t s  ( f o r  example see  Ref. 5 ) .  

A frequency depression similar t o  t h a t  shown 

T h e ' c h a r a c t e r i s t i c  equation as w r i t t e n  i n  Eq. 10 and previously i n  Eq. 4, 
represents  an ove ra l l  energy balance.  However, i t  appears more appropriate  

t o  consider an ind iv idua l  balance f o r  each compartment. I f  t h i s  i s  done, 

the  c h a r a c t e r i s t i c  equation i s  similar t o  E q .  10 except one summation over 

u i s  removed from each term. Fortunately,  ca l cu la t ions  made i n  t h i s  manner 

yielded t h e  same frequencies  as the  o v e r a l l  equat ion.  Thus, i t  was not  

necessary t o  worry about s e l e c t i n g  the  b e s t  "average" frequency. 

A s a t i s f a c t o r y  pressure  match across the  in t e r f ace  was obtained from the  

i t e r a t e d  ca l cu la t ion .  Typical r e s u l t s  a r e  shown i n  Fig. 5 and 6 f o r  

chambers containing one and four  b a f f l e s ,  respec t ive ly .  Note t h a t  the  

e r r o r  appears t o  diminish as the  number of ba f f l e s  contained i n  t h e  chamber 

i s  increased. Hopefully, with a la rge  enough number o f  terms i n  each 

s e r i e s ,  and with s u f f i c i e n t  i t e r a t i o n s ,  exact agreement i n  the  pressures  

can be obtained. 

A l imi ted  attempt t o  show a t rend  toward such convergence was somewhat 

discouraging, however. The average pressure  d i f f e rence  (rms) between 

t h e  two s i d e s  of t h e  i n t e r f a c e  was ca l cu la t ed  f o r  one b a f f l e  configurat ion,  
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while t h e  number of terms i n  m and q and the  number of i t e r a t i o n s  were in-  

d iv idua l ly  va r i ed  from a base combination. The configurat ion was a s i n g l e  

3-centimeter-long b a f f l e  i n  one end of a 20- by 30-centimeter chamber. 

r e s u l t s  (Fig. 7,  8 and 9) show t h a t  t he  e r r o r s  are reasonably low, but  

they exh ib i t  a d i s tu rb ing  t rend  toward increased e r r o r  with increased  q 

and, t o  some e x t e n t ,  with t h e  number of i t e r a t i o n s .  However, t h e s e  effects 

have n o t  been proper ly  inves t iga t ed ;  convergence may indeed occur  with a 

simultaneous increase  i n  each of  these terms. Fur ther ,  t he  r e s u l t s  may be 

a f f ec t ed  by t h e  small number of terms re t a ined ,  which was necessary because 

of t he  small capac i ty  of  t h e  t ime-sharing computer used t o  so lve  t h e  equat ion.  

The 

Based on the  i t e r a t i v e  method, p re s su re  p r o f i l e s  were ca l cu la t ed  a t  seve ra l  

l ong i tud ina l  p o s i t i o n s  i n  t h e  chamber. 

along wi th  acous t ic  modeling da ta .  The ca l cu la t ed  p r o f i l e s  a re  symmetrical, 

whereas t h e  measured p r o f i l e s  are n o t ,  probably because the  b a f f l e  was not  

exac t ly  centered and t h e  model was dr iven  from one s i d e  (x = 1;s c m  and 

y = 0 ) .  Nevertheless ,  t h e  agreement i s  regarded as good. 

The r e s u l t s  are shown i n  Fig.  10 

L i t t l e  a t t e n t i o n  was given t o  the  p o s s i b i l i t y  of ca l cu la t ing  b a f f l e  com- 

partment modes. However, such a mode was ind ica t ed  i n  some of  t h e  calcu- 

l a t ions .  The r e s u l t s  are not  presented here  because the  pressure  match 

a t  the  i n t e r f a c e  was poor. 

TWO-DIMENSIONAL CHAMBERS WITH GAIN/LOSS 
BOUNDARY .CONDITIONS 

The effects of pressure-coupled gains  and lo s ses  were s imulated t o  a degree 

by adding nonzero acous t i c  admittance values  a t  both ends of  t h e  chamber. 

A loss- type condi t ion was imposed a t  t he  nozzle  end and a gain- type condi- 

t i o n  a t  the  i n j e c t o r  end. These effects were added so  t h a t  the  inf luence  

of b a f f l e s  on (pressure-coupled) s t a b i l i t y  could be  inves t iga t ed .  Because 

no s teady  flow was included i n  t h e  ca l cu la t ion ,  e f f e c t i v e  or v i r t u a l  boundary 

condi t ions were used t o  compensate f o r  t h e  omission. However, t h i s  d i s t i n c -  

t i o n  between ac tua l  and v i r t u a l  boundary condi t ions only a f f e c t s  t h e  choice 

of numerical values  t o  be examined and, hence, i s  of l i t t l e  importance. 
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The boundary condi t ion w a s  wr i t t en  i n  terms of a s p e c i f i c  acous t i c  

admittance: 

3.' 
Y = P C p  

To p a r t i a l l y  compensate f o r  

admittance may be replaced by (Ref. 6 and 7) 

s teady through flow a t  t h e  boundaries,  t h i s  

where M i s  t h e  steady-flow Mach number through t h e  boundary and IJ/E i s  t h e  

response func t ion  ( f r a c t i o n a l  pe r tu rba t ion  i n  m a s s  f l u x  divided by the  

f r a c t i o n a l  pe r tu rba t ion  i n  p re s su re ) .  

numerical values  f o r  the  acous t i c  admittances.  

Equation 14 was used only t o  estimate 

The i t e r a t i v e  form of  t h e  c h a r a c t e r i s t i c  equat ion may be  r ewr i t t en  t o  inc lude  

these  boundary condi t ions (see Appcndix B ) .  The r e s u l t  i s  

where 

t an  = -jkyN/k 
m 

tan $J = -jky,/kq 
9 
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and yN and yI a r e  the  s p e c i f i c  admittance values  a t  t he  nozzle and i n j e c t o r  

ends, r e spec t ive ly .  

The e f f e c t s  of b a f f l e s  on t h e  s t a b i l i t y  of  t h i s  chamber were inves t iga t ed  

by comparing t h e  s t a b i l i t y  requirements with and without a b a f f l e .  For a 

f ixed  nozzle  lo s s ,  t h e  in jec tor -end  admittance necessary f o r  neu t r a l  s t a b i l -  

i t y  was ca l cu la t ed ,  thus def in ing  a s t a b i l i t y  l i m i t  curve. This was done 

by solving E q .  15, with a numerical roo t - f ind ing  technique, f o r  t h e  yI t h a t  

corresponded t o  p a r t i c u l a r ,  r e a l  eigenvalues and a constant  nozzle admittance. 

A s t a b i l i t y  l i m i t  curve was a l s o  ca lcu la ted  f o r  t he  unbaff led case from 

m k 
- j 7 tan(kmL + 

The nozzle admittance was 

entrance steady-flow Mach 

+m) = Y I  

estimated from t h a t  f o r  a zero-length nozzle  with an 

number of 0.266 and y = 1.25. The response func- 

t i o n  f o r  a zero-length nozzle i s  (y + 1)/2y; thus ,  a value of  y = 0 . 3  was 

chosen. 
N 

S t a b i l i t y  l i m i t  curves f o r  t h e  unbaff led case and f o r  a s i n g l e  b a f f l e  a re  

shown i n  Fig. 11. As defined, the  admittance has a d r iv ing  e f f e c t  i f  t h e  

r e a l  p a r t  of  the  admittance .is negat ive.  Therefore, t hese  ca lcu la t ions  

ind ica t e  t h e  engine is  l e s s  s t a b l e  with a b a f f l e  than without. 

This r e s u l t  i s  no t  very s u r p r i s i n g  i n  view of  the  observed e f f e c t  of b a f f l e s  

on t h e  pressure  d i s t r i b u t i o n  wi th in  t h e  chamber; t h e  b a f f l e s  increase  the  

amplitude a t  the  i n j e c t o r  end r e l a t i v e  t o  the  nozzle end. 

Can t re l l  (Ref. 6 ) ,  n e u t r a l  s t a b i l i t y  is obtained when 

According t o  

f p 2  Re ( y I  dS = 0 
s 

(17) 

I f  the amplitude a t  the  i n j e c t o r  end is increased,  t he  r e a l  p a r t  of t he  

admittance a t  t h a t  end must be  reduced t o  balance t h e  same nozzle lo s s .  
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This implies t h a t  b a f f l e s  improve 

manner than reducing pressure  coupling, a t  least t o  the  extent  t h a t  p ressure  

coupling i s  approximated by an acous t ic  admittance. 

the  s t a b i l i t y  of an engine i n  some o the r  
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CONC LUS IONS 

Results from t h i s  s tudy  i n d i c a t e  t h a t  a l a rge ly  s a t i s f a c t o r y  mathematical 

technique has been developed f o r  ca l cu la t ing  the  wave motion i n  b a f f l e d  

chambers. This technique has  been appl ied  t o  s e v e r a l  simple cases with 

good success ,  bu t  add i t iona l  work is needed t o  develop a thorough under- 

s tanding o f  t he  o s c i l l a t o r y  behavior of b a f f l e d  chambers. 

ob ta in  an e s s e n t i a l l y  continuous pressure  p r o f i l e  along the  b a f f l e  t ips  has  

been demonstrated with t h i s  technique. Requirements f o r  cont inui ty  of 

v e l o c i t y  and energy f l u x  a t  the  i n t e r f a c e  between t h e  b a f f l e  compartments 

and main chamber are automatical ly  s a t i s f i e d .  

The ab i , l i t y  t o  

The effects of a s i n g l e  b a f f l e  on t h e  s t a b i l i t y  of  a chamber with nonrigid 

walls (ga in l lo s s -  type boundary condi t ions)  has been success fu l ly  analyzed 

f o r  one p a r t i c u l a r  geometry. Thus, t he  a b i l i t y  t o  genera l ize  t h e  method 

f o r  nonzero boundary condi t ions has a l s o  been demonstrated. Convergence 

of t he  i t e r a t i o n a l  scheme has not  been completely demonstrated. However, 

very good numerical r e s u l t s  were obtained and it is  l i k e l y  t h a t  adequate 

convergence can a l s o  b e  obtained. Convergence appears even less r e s t r i c t i v e  

when the  chamber contains  more than one b a f f l e .  
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APPENDIX A 

SECULAR EQUATION TECHNIQUE 

Morse* suggests  approximate s o l u t i o n  of i n t e g r a l  equat ions,  such as those 

encountered he re in ,  by assuming an eigenfunct ion expansion f o r  t h e  dependent 

v a r i a b l e .  A s e c u l a r  determinant i s  thereby obtained. This approach i s  more 

appealing i n  some respec ts  than t h e  v a r i a t i o n - i t e r a t i o n  technique descr ibed 

previous ly  because no i n i t i a l  estimate of  t h e  s o l u t i o n  is required.  

t h i s  reason, considerable  emphasis w a s  p laced on t h i s  technique during the  

program. However, s a t i s f a c t o r y  numerical r e s u l t s  were never obtained. The 

reason f o r  t h i s  f a i l u r e  i s  n o t  known. The method is  be l ieved  appl icable ;  

t he re fo re ,  t he  f a i l u r e  may be due t o  a mathematical o r  programming e r r o r ,  

although both the  ana lys i s  and t h e  computer program have been checked 

thoroughly. 

For 

Because the  s e c u l a r  equation method is  s t i l l  be l ieved  appl icable ,  it w i l l  

be b r i e f l y  ou t l ined  here .  

(5) can be  expanded i n  terms o f  a convenient se t  o f  e igenfunct ions;  t h e  

Green's funct ions can be w r i t t e n  e x p l i c i t l y ,  b u t  t h e  c o e f f i c i e n t s  i n  the  

expansion f o r  5 are l e f t  unspecif ied.  

Both the  Green's func t ions  and the  normal grad ien t  

The Green's funct ions appear as 

and 5 as 

*Morse, P.  M . ,  and K. U. Ingard: Theore t ica l  Acoustics,  M c G r a w - H i l l  Book 
Co., Inc . ,  New York,  1968. 
Morse, P. M . ,  and H. Feshbach: Methods o f  Theore t ica l  Physics ,  McGraw- 
H i l l  Book Co., Inc . ,  New York, 1953. 
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Inse r t ion  of Eq. A-2 i n t o  t h e  s e t  of i n t e g r a l  equat ions,  Eq. 4 ,  and 

employing t h e  or thogonal i ty  p rope r t i e s  o f  t h e  eigenfunct ions,  leads t o  

a s e t  of l i n e a r  a lgeb ra i c  equations i n  cm, each equat ion being equal t o  

zero. Therefore,  t h e  determinant of t h e  coe f f i c i en t s  of t he  cm a r ray  

must equal zero t o  give a n o n t r i v i a l  so lu t ion .  This determinant i s  a 

s e c u l a r  determinant;  it represents  a c h a r a c t e r i s t i c  equation t h a t  spec i -  

f ies  the  eigenvalues ( f requencies)  of t h e  combustion chamber. 

In  p r i n c i p l e ,  t he  s e c u l a r  determinant i s  of i n f i n i t e  order ,  bu t  t h e  ind i -  

cat ions are t h a t  i t  can be  t runca ted  a t  some reasonable s i z e .  Once the  

eigenvalues are determined, t he  a r ray  of equations i n  c can be solved f o r  

each of  t h e  c o e f f i c i e n t s ,  each cm, i n  terms of one of  them. 

t ( r  ) i s  thereby s p e c i f i e d  and t h e  p re s su re  d i s t r i b u t i o n  throughout t h e  
‘ 0  

combustion chamber may be ca lcu la ted .  

m 
The func t ion  

-+ 

A s  noted above, t h e  secular-equat ion formulation was developed and programmed 

f o r  numerical so lu t ion .  

was found t h a t  unacceptable frequency and pressure  r e s u l t s  were being ob- 

ta ined .  S p e c i f i c a l l y ,  a p re s su re  d i scon t inu i ty  was p red ic t ed  about midway 

between b a f f l e  t i p s .  The reason f o r  t h i s  was not  found. 

I n i t i a l  r e s u l t s  were promising, bu t  eventua l ly  i t  
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APPENDIX B 

DEVELOPMENT OF EQUATIONS 

In t h i s  appendix the  mathematical d e t a i  1s concerning the  v a r i a t i o n a l  solu-  

t i o n  of  t h e  wave equation ( ac tua l ly ,  t he  Helmholtz equation) f o r  c losed,  

two-dimensional, b a f f l e d  chambers are summarized. The i n i t i a l  s ec t ion  i s  

concerned with development of t h e  v a r i a t i o n a l  form of  t h e  c h a r a c t e r i s t i c  

equat ion,  while t h e  second s e c t i o n  dea l s  with t h e  development of t h e  ap- 

proximate ve loc i ty  d i s t r i b u t i o n s  necessary f o r  t h e  main-chamber and b a f f l e -  

compartment approximations. The i t e r a t i o n  scheme is  a l s o  developed there-  

from, and f i n a l l y ,  t he  equat ions f o r  t h e  nonzero admittance case are 

summarized. 

VARIATIONAL FORMULATION 

The v a r i a t i o n a l  formulation used during t h i s  program i s  pa t te rned  c lose ly  

a f te r  t h a t  descr ibed by Morse and Ingard*. Employing the  v a r i a t i o n a l  func- 

t i o n  developed by them, with a s l i g h t  gene ra l i za t ion  f o r  mul t ip le  c a v i t i e s ,  

a c h a r a c t e r i s t i c  equat ion was obtained. 

where 5 i s  propor t iona l  t o  the  normal component of v e l o c i t y  a t  t h e  i n t e r f a c e  

between t h e  main chamber and the  compartments. This equat ion was obtained 

from the  v a r i a t i o n a i  method f o r  an approximate normal v e l o c i t y  of  t h e  form 

u = AS, t h e  value o f  t h e  amplitude (A) being optimized by the  method. 

Equation B - 1  may be  r ewr i t t en  as 

"Morse, P. M. ,  and K.  U .  Ingard: Theore t ica l  Acoustics,  M c G r a w - H i l l  
Book Co., Inc. ,  New York, 1968, p 680.  
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because, except f o r  an a r b i t r a r y  amplitude c o e f f i c i e n t ,  

Equation B-2 implies  t h a t  t he  bes t  es t imates ,  i n  t h e  v a r i a t i o n a l  sense,  of 

the  eigenvalues ( f requencies)  of the  b a f f l e d  chamber a re  obtained by requi r -  

ing cbnt inui ty  o f  the  energy f l u x  a t  t h e  i n t e r f a c e .  Thus, requirements f o r  

cont inui ty  of energy f l u x  and ve loc i ty  a t  the  i n t e r f a c e  a re  automatical ly  

s a t i s f i e d .  

no t  be equal unless  t h e  exact normal v e l o c i t y  d i s t r i b u t i o n  i s  used. 

However, ca lcu la ted  pressures  on each s i d e  of t he  i n t e r f a c e  w i l l  

Clear ly ,  t h e  next  t a s k  i s  t o  develop a means for f ind ing  s u i t a b l e  es t imates  

of the  normal v e l o c i t y  d i s t r i b u t i o n .  

ve loc i ty  d i s t r i b u t i o n  d i r e c t l y ,  however, approximate pressure  d i s t r i b u t i o n s  

were s e l e c t e d  and the  corresponding v e l o c i t y  d i s t r i b u t i o n s  were ca lcu la ted .  

Rather than attempting t o  choose a 

MAIN - CHAMBER APPROX Ih4ATI ON 

This approximation was obtained by assuming a pressure  p r o f i l e  on t h e  main 

chamber s i d e  of t he  form 

Pa(L,Y) = cos ii?x W 

However, 

(B- 5)  
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and 

where 

= mvO cos - W Em cos 
km s i n  kmL Fm (XI 

0 COS km(xO - L)  COS kmx x < x 

0 COS kmXO COS km(x - L) x > x 
F m W  = 

Therefore,  

- J - COS w mvO dy0 W/&- m m = m  = I  0 m # E  
km t a n  kmL 

a’ Further ,  from t h e  i n t e g r a l  expression f o r  p 

Consequently, from Eq. B-8 and B - 9 ,  

aPa(L;Y3 - 
= 5 = -kE tan  k d  COS ax W 

Introducing t h i s  expression i n t o  the  c h a r a c t e r i s t i c  equation (Eq. B-1) 

leads t o  

(B- 10) 

(B- 7)  

(B-11) 
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where 

COMP ARTblEN T AP P ROX I MAT I ON 

The compartment approximation was obtained i n  a s imilar  manner by assuming 

a compartment-side pressure  p r o f i l e  of 

(B- 12) 

f o r  

W < Y < ( P + 1 ) W  

The Green's func t ion  f o r  the  ut' compartment may be  wr i t t en  as 

where 

- Lt) COS k (X - L) x < x 
9 0 

F p  

0 COS k (X - L) COS k ( X  - Lt) x > x 
9 I q '  

Lt = L + R  

For t h i s  approximation 

' ( Y d w )  (B- 14) w - "'' > (kq tan k R) A cos 
ax 9. vqx 9. - -.- = 
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Inse r t ion  of t h i s  approximation i n t o  the  c h a r a c t e r i s t i c  equation (Eq. B- 1) 

leads t o  Eq. 10. The corresponding pressure  expressions were obtained 

from Eq. B-3 and B-4. 

ITERATION SCHEME 

Neither  of the last  two approximations was considered adequate. Therefore,  

an i t e r a t i o n  scheme w a s  developed t o  improve an i n i t i a l  es t imate .  

d i s t r i b u t i o n  was assumed of t h e  form 
A pressure  

f o r  the  i n t e r v a l  u w  < y < (p+l)w. 

The corresponding pressure  grad ien t  i s  

(B- 15) 

(B-16) 

Fur ther ,  the  corresponding pressure  expression for t h e  main chamber s i d e  i s  

Now, by equat ing the  r i g h t  s i d e  of Eq. B-17 t o  pbO, an improved es t imate  

may be obtained. From t h i s ,  t h e  following expression was obtained:  
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The c h a r a c t e r i s t i c  equat ion obtained i n  t h i s  case i s  similar t o  E q .  10, 
l y  d i f fe rence  being a replacement of A - i n  t h a t  equation by the  

9 m  
shown above. 

NONZERO SURFACE ADMITTANCE 

The inf luence  of  nonzero acous t i c  admittance boundary conditions at t h e  

closed ends of t he  chamber may be r e a d i l y  included i n  t h e  ana lys i s  by 

choosing Green's func t ions  which s a t i s f y  the  same boundary condi t ions as 

those s a t i s f i e d  by the  pressure .  

then 

The appropr ia te  Green's func t ions  are 

(B-19) 

where 

0 COS km(L - x0) cos(kmx + qm) 

COS (kmxO + $Jm) COS km(L - X) 

x < x  

0 x > x  I F,(x) = 

and 

t an  qm = -jkyN/km 

where 

0  COS[^ ( L  - x0) + I$ I COS k (X - L) x < x 
9 t  9 9 

9 0  4 t  0 COS k (X  - L)  COS[^ (L - X) + I$q)]  x > x 
Fq(X)  = 
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and 

tan qq = - jky /k 
I q  

When these  Green's funct ions were employed, expressions f o r  pressure  and 

the  c h a r a c t e r i s t i c  equation were obtained which a re  very similar t o  the  

i t e r a t i v e  expressions j u s t  described, except t h a t  t he  terms k R and kmL 

a re  replaced by k R + $ and k L + $ respec t ive ly .  That i s ,  the  char- 

acterist ic equation i s  

9 
9 9 m m' 

1 k 9 tan(k 9 R + $q) 
u,9 

B-7/B-8 

(B-21) 





APPENDIX C 

COMPUTER PROGRAMS 

This appendix summarizes the  fou r  computer programs used during t h i s  study 

Philosphy and de r iva t ion  of t he  working equations were descr ibed previously 

i n  the  main body of t h i s  repor t .  This appendix descr ibes  the  numerical 

methods used t o  so lve  these  equat ions,  and includes inpu t ,  output, and opera- 

t i o n a l  information as wel l .  The nomenclature of  a l l  fou r  programs is  c lose ly  

r e l a t e d  and is  presented  i n  t h e  Nomenclature subsect ion.  

The fou r  computer programs used i n  t h i s  s tudy are: 

1. SSMCE4--solves the  c h a r a c t e r i s t i c  equat ion f o r  t h e  r i g i d  boundary 

cas e 

2. SSBPD2--calculates the  pressure  on the  main chamber s i d e  of  t h e  

i n t e r f a c e  across  t h e  b a f f l e  t i p s  

3.  SSVEL2--calculates the  pressure  on t h e  compartment s i d e  of t h e  

i n t e r f a c e  across  t h e  b a f f l e  t i p s  

4. SSMCE8--solves the  c h a r a c t e r i s t i c  equat ion f o r  t h e  a c t i v e  boundary 

cas e 

These four  programs were run on a t imesharing computer system (General 

E l e c t r i c  420 computer). A l l  four  computer programs a r e  no t  w r i t t e n  e f f i -  

c i en t ly  with respec t  t o  running t i m e ;  some s ta tements  could be  el iminated 

without i n h i b i t i n g  t h e  ca l cu la t ions .  

SSBPD2, SSVEL2, and SSMCE8. The reason f o r  t h e  ine f f i c i ency  i s  t h a t  the  

main po r t ion  of each of these  w a s  p i r a t e d  from program SSMCE4. 

This i s  e spec ia l ly  t r u e  f o r  programs 

SSMCE4 

Computer program SSMCE4 was wr i t ten  t o  so lve  t h e  i t e r a t i v e  c h a r a c t e r i s t i c  

equation f o r  t h e  r i g i d  boundary case ,  The method used t o  so lve  t h i s  
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equation was t o  c a l c u l a t e  the value of t h e  funct ion while incremental ly  

changing"phee"($) u n t i l  t he  value of t h e  funct ion changed s igns .  The usual  

p r a c t i c e  was t o  ca l cu la t e  t he  c h a r a c t e r i s t i c  equat ion over a l a r g e  i n t e r v a l  

by tak ing  l a rge  increments of "phee." 

t h e  value o f  t h e  func t ion  changed s igns ,  t h a t  i n t e r v a l  was subdivided i n t o  

smaller increments. The procedure was repeated u n t i l  an accura te  value of 

PHEE was obtained. 

After not ing  the  i n t e r v a l  i n  which 

The fou r  subrout ines  used t o  ca l cu la t e  r e p e t i t i v e  terms are: 

1. Subroutine TAN(a,b,c) = ki t an  k.R 

2 .  Subroutine TANH(a,b,c) = -ki  tanh kiR 

3. ARG(a,b,c,---x) = A 

4. ARI(a,b,c,---x) = a 

1 

1-1v 

1-1.9 

The computer program names f o r  t he  var ious parameters i n  t h e  c h a r a c t e r i s t i c  

equation a r e  presented i n  the  Nomenclature subsec t ion  of t h i s  appendix. 

The input  information requi red  i s :  

1. PHEEl  

2. ICON 

3.  NUMB 

4. STEP 

5. Mu1 

6 .  NS 

7. Q l M A X  

8. MUMAX 

9.  QUMAX 

S t a r t i n g  phee value 

Index f o r  t r a n s f e r  

Number of po in t s  (phee values)  a t  which the  func t ion  

w i l l  b e  evaluated 

Increment f o r  increas ing  phee from t h e  i n i t i a l  valme 

Index of t h e  b a f f l e  compartment being examined 

Number of i t e r a t i o n s  on a 

Number of  q + l  terms taken i n  t h e  a i t e r a t i o n  

Tota l  number of b a f f l e  compartments 

Tota l  number of  q + l  terms taken i n  the  eva lua t ion  

of  t he  c h a r a c t e r i s t i c  equat ion 

1-19 
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10. MMAX = 

11. MBAR = 

1 2 .  SMLW = 

13. WDTH = 

14. SMLEL = 

15. XLNGTH = 

Output from SSMCE4 

To ta l  number of m + l  terms taken i n  t h e  eva lua t ion  

of t h e  c h a r a c t e r i s t i c  equation 

Index of t h e  p a r t i c u l a r  a c o u s t i c  mode t o  be  inves t iga t ed  

Width o f  a b a f f l e  compartment 

Width of  the  main chamber 

Length of  t he  b a f f l e s  

Tota l  length o f  t h e  chamber 

inc ludes  t h e  phee value and t h e  corresponding value of 

t he  c h a r a c t e r i s t i c  equat ion.  

SSBPD2 

This program c a l c u l a t e s  the  p re s su re  across  the  b a f f l e  t i p s  on t h e  main 

chamber s i d e  o f  t h e  i n t e r f a c e ,  and was w r i t t e n  f o r  Eq.B-17. With the  phee 

value f i x e d  f o r  a given s e t  oE parameters ( so lu t ion  from SSMCE4), Eq. B-17 

i s  an e x p l i c i t  r e l a t i o n s h i p  between p res su re  and t h e  pos i t i on  coordinate  

(y) .  Pressure a t  t h e  b a f f l e  t i p s  was ca l cu la t ed  across  t h e  width of t h e  
chamber. 

Input  f o r  SSBPDZ i s  t h e  same as t h a t  f o r  SSMCE4. 

SSBPDZ i s  t h e  r o o t  obtained from SSMCE4 f o r  a given s e t  of parameters.  

Output from SSBPD2 inc ludes  p re s su re  

The phee va lue  input  f o r  

and t h e  corresponding values  of y .  

SSVELZ 

This program was used t o  c a l c u l a t e  the pressure  a t  t h e  b a f f l e  tips, on t h e  

compartment s i d e  of t h e  in t e r f ace .  Equation B-15 descr ibes  . t h i s  pressure  

Again, f o r  a given phee value,  the  p re s su re  i s  a funct ion of t h e  p o s i t i o n  

coordinate  (y) .  Thus, f o r  a f ixed  se t  of parameters,  t h e  p re s su re  can be 

r e a d i l y  ca l cu la t ed  f o r  a given y. 
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Input t o  SSVEL2 i s  the  same as t h a t  f o r  SSBPDZ, with the  following addi t ions :  

Y = I n i t i a l  s t a r t i n g  po in t  of y 

Step = The incremental  s t e p  i n  y 

SMLELl = SMLEL (nonfunctional parameter) 

Output includes pressures  (p ) and t h e  corresponding pos i t i on  coordinate  (y).  
bu 

SSMCE8 

This program w a s  w r i t t e n  t o  determine t h e  s t a b i l i t y  l i m i t  of a combustion 

chamber with ac t ive  boundaries located a t  both ends. The c h a r a c t e r i s t i c  

equation is  i n  complex no ta t ion ,  and t h e  r o o t  of t h e  c h a r a c t e r i s t i c  equation 

i s  complex eigenvalue ( t h e  r e a l  p a r t  i s  the  nondimensional frequency and 

the  imaginary p a r t  i s  the  nondimensional damping c o e f f i c i e n t ) .  The charac- 

t e r i s t i c  equation f o r  t h e  a c t i v e  boundary case i s  given by Eq. B-21. Thus, 

f o r  a given s e t  of parameters,  nozzle  admittance, and i n j e c t o r  admittance, 

t h e  complex roo t  which s a t i s f i e s  t h e  c h a r a c t e r i s t i c  equation s p e c i f i e s  the 

frequency and the  damping c o e f f i c i e n t  of t he  system. 

s t a b i l i t y  l i m i t  of t he  system, another route  can be taken. Because the  

damping c o e f f i c i e n t  i s  zero,  the  above equation can be solved f o r  y r a t h e r  

than @, with f ixed  values  of  y and phee (REAL). The acous t i c  admittance 

thus obtained def ines  the  maximum amount of acous t i c  energy ( r e l a t e d  t o  the  

admittance) t h a t  can be pumped i n t o  the  system and s t i l l  have t h e  system 

s t a b l e .  This avenue was taken t o  eva lua te  the  s t a b i l i t y  l i m i t .  

However, f o r  the  

3 

N 

The root-f inding technique used t o  determine y 

a f i n i t e - d i f f e r e n c e  approximation for t h e  de r iva t ive .  

was Newton's method, with 
N 

With t h i s  approximation, a computer program was generated from SSMCE4 with 

a few a l t e r a t i o n s .  Convergence was n o t  r ap id  but  was s u f f i c i e n t .  



The program was wr i t t en  using complex algebra.  

SSMCE8 included t h e  input  f o r  SSMCE4 and admittance. 

phee a re  complex numbers i n  t h i s  program. Output includes t h e  y ' s  and 

the  corresponding values  of t he  c h a r a c t e r i s t i c  equations.  

The input  parameters f o r  

However, y. 

I 

yI, and N' 
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NOMENCLATURE 

‘m 

m 

W 

1-I 

9 

4 
E: 

W 

k tan k R 
9 9 

a 
1-19 

A 
m m  

L 

R 

cp 

k = @/w 

7T 

Y 

SSMCE4 

EPM 

M 

WDTH 

Mu 

QU 

EPQ 

SMLW 

Subroutine TAN 

Subroutine A R I  

Subroutine ARG 

XLNGTH 

SMLE L 

PHEE 1 

PHEE 

P I  

SSBPD2 

EPM 

M 

WDTH 

Mu 

QU 

EPQ 

SMLW 

Subroutine TAN 

Subroutine A R I  

Subroutine ARG 

XLNGTH 

SMLEL 

PHEE 1 

PHEE 

P I  

F I RSUM 

y-coordinate 

SSVE L2 

EPM 

M 

WDTH 

Mu 

QU 

EPQ 

SMLW 

Subroutine TAN 

Subroutine A R I  

Sub rou t ine  ARG 

XLNGTH 

SMLE L 

PHEE 1 

PHEE 

P I  

y-coordinate 

QUSUM 

SSMCE8 

EPM 

M 

WDTH 

Mu 

QU 

EPQ 

SMLW 

Subroutine TAN 

Sub rou t ine  A R I  

Subroutine ARG 

XLNGTH 

SMLEL 

*PHEEl 

*PHEE 

P I  

*YQ 

*YMA 

*Complex numbers 
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1 1 5  32 J K = C d U 2  

1 1  7 Xt. =FQU2*p I/SIy,LW 
1 1  8 X ~ = F ~ i d A K * P I * S ~ L ~ / ~ ~ T h  
1 1  9 XC=Xt3*FIVI?12 
120 P R I N T  912 
1 2 1  XL)=Xd*(FMlJ2+1  *O) 
122 X E = F M B A R * P I / W D T h  
123 I E C X E - X F  )58s 5 9 r  58 
124 
125 G B  TP) 1 1  
126 58 X G = X E / C X F * X F - X E * X E )  

129 1 1  C 0 N T I N c l E  
1 3 1  1 7 3  CkJ IVTINUE 
13% 1 7 2  C @ N T I N ! J E  
133 C A L L  A R I ( P H E E r W D T H r S M L E L s  S M L h ! r X L N i . i T H r K E T S ~  
1 3 4 L M U M A X r Q U M A X r M M A X r ~ ~ G H r M ~ l  r N S r d l  F I A X J F M ~ J U J ~ ~ Q U D J  X 1 
135 P I = 3 * 1 4 1 5 9 2  
1 4 0  E I R S ~ J M = O * O  
1 4 5  Dld 200 Iv=lrrnMAX 
150 F M = F L B A T ( M - ~ )  
155 AA=FP'i*P I /WDTH 
160 D I S C H = P h E E * ? H E E - A A * A A  
1 0 5 
1 7 0  50 A ~ T = S Q ~ T C - ~ I S C H ) * X L N G T n  
1 7 5  I F C A R T - 4 .  )8509851r851 
180 850 C A L L  T A N h Y ( D 1 S C R J X L N G T H r ~ E T )  
185 G 0  T B  852 
190 851 R E T = - S W R T C A d S C D i S C H ) )  
19s E152 G 0  T@ 300 

205 Gfil Tlil 10 
210 52 CALL T a N C U I S C H r X L N G T H r H E T )  
2 1 1  300 SIV,USclM=O*O 
212 DQ 220 M!J=IrMfJMAX 
213 F I V , U = F L 0 A T ( m U - l )  
2 1 5  L1StlM=O 00 
216 C S I J k = O * O  
220 I I B  210 Q U = ~ J W ~ J I " ~ A X  
225 F Q i J = F L B A T C Q U - I  1 
230 IF' (FQil3 6 0 r  60 J 62 
e35 60 E P Q U = I * O  
240 G O  TB 301 
245 62 E P O C I = 2 * O  
250 301 AB=FOU*PI/SMLW 
255 D I S C R 2 = P H E E * P H E E - A 8 * A d  
2 60 I F  CD I S C R 2  ) 6 5 r 66r 67 
265 65 A ~ P = S Q H T ( - U I S C R 2 ) * S M L E t  
270 I F  CARP-4 )860r 861 r 86 1 
2 75 860 CALL TANH Y C U I S C H 2  r SML EL, K E T 2  ) 

1 1 6  X A z C - 1  00)**JK 

59 r l E T 9 C Q U 2 r  rUtJ2r MdAR 1 = S N L W * C 0 S C F M U 2 * E  B1]2*P I ) 12 00 

1 2 8  R E T S  ( 0 0 2 ~  M U 2 r  MYtBAH ) = X G * C S  IN( XC > - X A * S I N C X D )  1 

I F  CD I SCR 50r 5 1 r 52 

200 si P R I N T  980 
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280 G O  T0 347 
285 861 RET2=-SQHTCA~S(DISCR2)) 
286 G B  TPi 347 
290 66 PRINT 980 
295 G 0  T0 10 
300 67 CALL TAN<~XSCR%ISKLELIRET~) 
330 347 FMBAd=FL@ATCMdAR) 
331 CALL AH6 CF QUI FNU I b MI SMLWJ WL)THI 6 E T 3  1 
333 FBH=O-O 
336 FiWL)=FMtl 
337 FQUD=F’LIU 
341 Q S U M = d S U m + E P Q U * ~ E T 2 * 6 E T 3 * X l  C U U J M U I M & ~ A A ) / S ~ ~ L ~ ~  
342 
344 FMUl=FLBAT(MUl-l) 
345 210 CBWTINUE 
346 I F C F M U - F M U ~ ) ~ I ~ > ~  
347 5 DSUM=QSUM 
355 4 SMIJSUM=SMUSUW+WSUM 
360 220 CBNTXNUE 
35 5 
370 7 0  EPMz1.0 
375 GBI TB 303 
380 71 EPM=2*0 
385 303 F I H S U K = F I K S ~ M + S ~ U S U M * ~ S ~ M * ~ ~ I ~ ~ ( K ~ T * W ~ T ~ ~  
390 200 CiilNTINUE 
400 SECSUWO 00 
405 MiJ=M!J 1 
406 FWU=FLBAT<kU) 
410 FMU=FLBATCMU-l> 
415 FISUBU=O*O 
420 OB 240 QU=lrQtilvlAX 
425 FQU=FLBAT(Qd-I) 
430 IF (FQd)80r80>81 
435 80 EPBU=l*O 
440 G @  T0 500 
445 81 EpQiJ=2*0 
450 500 AC=FOU*PI/SWLW 
455 DISCH3=PnEE*PHEE-AC*AC 
460 1F(OISCH3)90191192 
465 90 ARS=SOHT(-DISCH3)*SMLEL 
470 IFCARS-4*)400~401~401 
475 400 CALL TANHY (DISCH~ISMLELIRETS) 
480 G 0  T0 410 
485 401 HETS=-SQRT<ABS(DISCR3)) 
486 G B  T0410 
490 91 PRINT 980 
495 G Q  TB 10 
500 92 CALL TAN<DISCR~IS~LELIRETS) 
579 410 FQP=O.O 
563 FMtJD=FMU 
584 F Q U D = F Q U  

I F (FiY ) 7 0 > 7017 1 

c-9 



c-10 



753 733 TF=TO 
754  G0 7 8  710 
755 734 TF=O* 
757 GB TB 710 
758 731 XI=TC*PI/TE 

760 G0 TB 710 
761 732 JK=TA 

763 Xt3=TC*PI*TD/TE 
764 XC=Xd*TS 

766 XE=TC*PI/TE 
767 XF=TA*pI/TU 

759 TF=CSINCXI*CTB+l*O)*Tl))-SIN(XI*T~*T~))/XI 

762 XAZC-1 o O ) * * J K  

765 XD=Xd*CT6+1*0) 

768 IFCXE-XF)760r761~760 
770 761 TF=TD*C0S<TA+TB*PI)/2.0 
772 G O  TB 710- 
773 760 XG=XE/CXF*XF-XEtXE) 
774 TF=XG*(SINCXC)-XA*SINO) 
776 710 CBNTINUE 
777 RETlJKN 
778 END 
779 SLJdRBUTINE AH1 < P H E E J W L ) T ~ J S M L E L J S M L W J X L N ( I T H J R E T ~ J  
780&MUMAX JQUMAX JMMAXSMBAR ~ M g l  J NS J Q ~  MAX, k MfJLfr FQfj l )r  X 1 ) 
7 8  1 
782 DIWENSIBN RET9(20r20r 1 )rX1(2Or20~ 1 )  
783 WN=1 
784 1 00 175 NU2=lrMUMAX 
785 00 176 dU2slrQUMAX 
766 PI=3*141592 
787 FI~~SIJIVI=O* 
788 D0 200 M=lrNlYIAX 
790 FM=FL0ATCM-l) 
791 AA=FM*pI/WDTH 
792 DISCH=PHEE*PHEE-AA*AA 
793 I F < O I S C H ) ~ O J ~ ~ ~ ~ ~  
794 SO AHT=SOR TC-UI SCH 1 *XLNGTH 
796  IF(AHT-4~0)850r851r851 
797 850 RH=SQHTCAdSCDISCR)) 
7 9 8 H s =H ri * x LtU 6 'r H 
799 RET=-H~*CEXP<HS)-EXPC-~S))/CEXPC~S)+EXPC-RS)) 
801 GO  T0 852 
802 851 HET=-SOHTCAdSCDISCH)) 
803 85260 T0300 
804 51 STBP 
806 Cilb TV) 10 
807 52 t?T=SQHT(DISCR) 
808 RY=HT+XLNGTH 
809 RET=HT*CSINCHU)/CBSCRU)) 
811 300 SMUSUM=O* 
812-1)0 220 IJIkj~lrM'Ji4AX 
81 3 FPlU=FLBAT <MU- 1 1 
dl4 QSl)MrO* 
815 D 0  210 QU=IJQIMAX 

I NTEGEH Q U I Q Q  J QcllvAXr QU2 J Q 1 M A X  
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816 FQL~=FLBATCQU) 
817 FQU=FQLI-l e 0  

81 8 IFCF’OU 1603 60r 68 
819 60 EPQU=l*O 
821 GO T0 301 
822 62 EPQU=2* 
823 301 AS=FdU*PL/SMLW 
824 DISCR2=PHEE*PHEE-A~*A~ 
826 IF (I) I SCH2 6 5 > 6 6 6 7 
827 65 ARP=SQHT<-DISCR2)*SMLEL 
82 8 I F ( ARP- 4 0 1 860 r 8 6 1 s 86 1 
829 860 RR=SQRTCABSCDISCR2) 
830 RS=RR*SMLEL 
832 RET2= -Hd*(EXP CRS -EX? (-tis 1 / <  EXPCRS )+EXP ( -8s 
833 G 0  TO 347 
834 861 H E T 2 = - S ~ ~ T < A ~ S C D I S C ~ 2 )  
836 G0 T0 347 
837 66 PKINT 980 
838 10 S I d P  
839 67 HT=SWHT(DISCHB) 
841 HU=KT*SMLEL 
842 RET2=8T*C S I N(HU /CUS (NU) 
843 347 IF<FM)720a780r730 
844 730 IF(FdU)731r731r732 
846 720 IF(FQU)733r733r734 

848 G0 TU 710 
849 734 HET3=O* 
851 Glil T0 710 
852 731 XI=FM*PI/WOTH 
8 53 H ET 3 = ( S I N C X I * C F MU + 1 0 ) * SML W ) - S I N ( X I *b 1‘9U * SML W 1 ) /X I 
854 G0 T8 710 
856 732 J K = F O U  

1158 Xd=F M*PI*SMLW/bdDTh 
$59 XC=Xd*FPicl 

862 XE=FM*PI/bdUTH 
863 XF=FQd*PI/SMLW 
864 IFCXE-XF)760r761r760 
866 761 tiET3=SMLW+C0S(FMU*FaU*?1)/2*0 
867 G@ T0 710 
868 760 XG=XE/CXF*XF-XE*XE) 
869 RET3=XG*C SIN (XC 1 -XA*SI NCXD 1 ) 
870 710 CBNTINUE 
871 FQUD=FLBATCQU2-1) 
872 FMUD=F L@AT (MU2- 1 ) 
873 FMBAR=FL0ATCMBAR) 
874 QSUM=QSUM+EPQU*RET2*H~ r3*HET9 COUs MUrMt3AH) /SMLW 
876 210 CBNTINUE 
877 SMUSUM=SMUSUM+QSUM 
878 220 CBNTINUE 
879 IF<FM)’?or70~71 

8 4 i  733 NET~=SMLW 

857 XA=C-I *O)**JK 

861 XD=Xd*<FMiJ+l 
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88 1 
882 
883 
884 
886 
807 
888 
889 
89 1 
892 
893 
894 
896 
897 
898 
E199 
90 1 
902 
PO 3 
90 4 
906 
907 
908 
90 9 
91 1 
912 
91 3 
91 4 
91 5 
9 1 6( 
918 
91 9 
92 0 
922 
923 
92 4 
92 5 
92 6 
92 7 
92 8 
92 9 
930 
931 
933 
934 
935 
938 
9 40 
9 SO 

70 EPM=l* 
60 I@ 303 
71 E?M=2*0 
303 IFCFk1920r920r930 
930 IFCFBUD)931~93b932 
920 IF(FQUD)933r933~934 
933 HET8=SMLW 
6;B TB 910 
934 RETB=O* 
60 T0910 
931 XI=FM*pI/dDTH 

G 0  T8 910 
9 32 J K  =FQ UD 
XA=C-1 * 0 ) * * J K  
XB =FM*P IJISML W / WDTH 
XC=Xd*FMUI) 

RETB=CSIN<XI*<FMU~+I oO)*SMLW)-SIN<XI*F~UU*ynLw> 1 /XI 

XD=XB*CFMUD+I*O) 
XE=FM+ IIWDTH 
XF=FQUD*PI/SMLW 
IFCXE-XF)960r961r960 
961 H E T 8 = S M L W * C ~ S < F Q U D * F ~ U D * ~ I  >/2 *O 
G 0  TB 910 
960 XG=XE/CXF*XF-XE*XE) 
RET8=XG*<SINCXC)-XA*SINCXD)) 
910 CBNlINUE 
FIRSUM=FIRSUM-EPM*SPiUSUM*RET8~CRET*hlDTH) 
200 C0NTINUE 
9SS F OHIYAT C 4F 10 5 r 2  I3 1 
X1 CQU2rMU2rMBAR)=FIRSUM 
176 CBIVTINLIE 
175 CV1NTINUE 
IF C IVN-Nb 1 6 r 7 r  7 
6 UB 188 NU2=lri%UMAX 
D0 182 QU2=lrQUNAX 
RET9 C Q  U21 M U 2 1  MBAR ) =X 1 CQU2 r M U 2 r  MBAR 1 
182 CBNTINUE 
188 CBNTINUE 
NN=NN+ 1 
GET T a l  
7 DB 183 MtJ2=lrMyMAX 
D8 184 QU2=lrWtJMAX 
A=A 
184 CQNTINUE 
183 CBNTINUE 
980 FQRMAT<2HNB) 
956 FQRMAT CF 10 * 512 13) 
RETURN 
END 
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SSVEL2 13:29 HVIChET 
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125 G 0  10 1 1  
126 S 8  XG=XE/(XF*XF-XE*XE) 
128 RETS(Q’J2r MU2r NdAR ) = X G * (  SI NCXC )-XA*SINCXD) ) 
129 1 1  CBNTINUE 
131 173 C0lLTINUE 
132 172 C0NTINtJE 4 

1 3 4 & W U M A X ~ Q U M A X r M M A X r ~ ~ A R r M U I  , NSr B1 MAX, FMUDr FQYD> X 1 1 
135 PI=3*141592 
136 Woll)TH=20* 
140 MU=HUl 
150 FMu=FLBATCNU-l) 
152 DUM=CFMU+l *O)*SMLW 
160 19 QUSLIW=O* 
170 DO 210 QU=lrQUMAX 
180 FQU=FL@ATCQU-l) 
190 IF CFQU )40,4 1 a 40 
200 41 EPQU=1*0 
210 G B  TU 50 
220 40 EPQU=2*0  
230 50 AB=FQU*PI/SMLW 
240 DISCR=PHEE*PHEE-AB*A~ 
250 IF CDISCR)42>43r44 
259  43 ST0P 
260 42 ARl=SQRTC-DISCR)*$jMLELl 
261 AR4=SWKT(-DISCH)*SMLEL 
262 AR2=CEXPCARlI-EXPC-AR1))/2*0 
263 AR3= CEXP CAR4 1 +EXP (-Ai34 1 1 /2 00 
270 AT=-SQRTC-DISCR)*ARi? 
280 AU=AR3 
290 60  T O  60 
300 44 AT=SQRTCDISCK)*SINCSQRTCl.)IS~R)*SMLELl) 
310 AU=C0SCSQRT<DISCH)*SMLEL,  
3’19 FQP=O*O 
320 60 CALL AHG(FQPIFMu,FMBAHIsMLWIWDTHIHET) 
330 AV=CBS(FQU*PI*<Y-~MU*SMLW)/SMLW) 
340 Q ~ J l = E P Q U * X l ( O U , M U I M B A R ) * A V / S M L W  
350 QUSUM=QUSUM+QU 1 
360 210 C0NTINUE 
3 7 5  PRINT 9 0 0 r Y s Q U S U M  
380 I F  CY-DUM) 70s 7 1 r 7 1 
390 71 Y=DUM 
400 G 0  T 0  200 
410 70 Y=Y+el 
411 68  T 0  19 
430 200 C0NTINUE 
440 
450 G 0  T 0  10 
460 END 
71 0 SUBHOIUT INE TANHY (XI Y 0 2) 
7 1 S R R = S Q H T  CAi3S ( X )  1 

133 CALL A R I C P H E E I W D T H J S M L E L ~ S M L W ~ X L N G T H ~ R E T ~ ~  

900 F0HlYlAT C 1 HOrZXr2HY=r F6 0 3 s  3x3 4HPUS=r Floe 4) 
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720 RS=RR*Y 
725 Z ~ - R H * ( E X P ( R S ) - h X P ( - R S ) ) / C E X P C ~ S ) + E X P C - ~ S ) )  
730 RETURN 
735 END 
740 SUk3RBUTINE TANCXDYDZ) 
741 RT=SQHTCX) 
742 RU=RT*Y 
743 Z=RT*CSINCHU )/C@SCRU) 1 
745 RETURN 
746 END 
747 SUBHBUTINE ARG<TADT~DTCDTIJD TEDTF) 
748 PI=3.141592 
749 IFCTC)720~720~730 
751 730 IFCTA)731~731~732 
752 720 IFCTA)733~733~734 
753 733 TF=TD 
754 G0 T 0  710 
755 734 TF=O* 
757 G0 T 0  710 
7 5 8  731 XI=TC*PI/TE 

760 G0 T0 710 
761 732 JK=TA 

763 XB=TC*PI*TU/TE 
764 XC=Xd*Th 

766 XE=TC*P I / T E  
767 XF=TA*P I /TD 
768 IF C XE-XF 1760~. 7 6 1 D 760 
770 761 TF=TD*CBSCTA*TB*PI)/2.0 
772 G O  T0 710 
773 760 XG=XE/CXF*XF-XE*XE) 
774 TF=XG*CSINCXC)-XA*SINCXU)) 
776 710 CBNTILWE 
777 RETURN 
778 END 
779 SUBH0UTINE A R I  CPHEEJ WDTHJSMLELDSMLWDXLNGTH>RET~D 
~ ~ ~ & M U M A X J Q U M A X D M M A X D M ~ A ~ ~ ~ U ~  DNSJO~MAXDFMUDDFBUDDX~ > 
781 INTEGEH QUJQWDQUMAX J Q U ~  J Q 1 MAX 
782 DIMENSIBN RET9C20320~ 1 )rX1(20~20~ 1 )  
783 NN=1 
784 1 DO 175 MU2=lrMUMA$ 
7 8 5  DEI 176 QU2=lrQUMAX 
786  PI=3*141592 
787 FIRSUM=O* 
788 f)@ 200 M = ~ J M M A X  
790 FM=FLBATCM-l> 
791 AA=FM*PI/WDTW 
7 92 D I SCR =PHEE*PHEE-AA*AA 
793 IF (DISCH ,501 51 D 52 

759 TF=CSLNCXI*CTB+l oO>*T.U)-SINCXI*T~*To, 1 /XI 

762 XA=C-1 o O ) * * J I (  

765 XD=XB*CTB+l*O) 
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794 50 A ~ T = S Q ~ T C - ~ I S C R ) * X L N G T H  
796 I F C A H T - 4 ; O  ) 8 S O r  85 1 r 8 S l  
797 850 b?R=SQHTCAdSCDISCH))  
7 9 8 H S = R t i  *X LN GT H 
799 r l E T = - K t t *  C EXP CttS 1 -EXP C -KS ) 1 / C E X P  C HS ) +EXP C - H S  ) 1 
801 Ci0 T 0  852 
802 $ 3 1  R E T = - S Q R T C A d S C D I S C ~ ) )  
803 85260 T0300 
804 51 ST0P 
806 Glil T0 10 
807 52 RT=SORTCDISCR) 
808 HU=RT*XLNGTH 
809 R E T = H T * C S I N C R U ) / C B S C R U ) )  
811 300 SMUSUM=O* 
812 L)@ 220 M U = l r M U M A X  
813 F M U = F L 0 A T C M i J - l )  
814 QSUM=O* 
815 D 0  210 Q U = l r Q l M A X  

817 F Q U = F Q U - l  00 
818 I F C F Q U 1 6 0 r 6 0 r 6 2  
819 60 E P Q U = l * O  
821 G d  T 0  301 
822 62 EPOU=2*  
823 301 A l j = F O U * P I / S M L W  
824 U I S C H 2 = P H E E * P H E E - A ~ * A d  
826 I F C D I S C R 2 ) 6 5 r 6 6 r 6 7  
827 65  A R P = S O R T C - D I S C ~ 2 ) * S M L E L  
828 I F CARP-4 00 860r 86 1 r 86 1 
829 860 H R = S Q K T C A t 3 S C D I S C H B )  ) 
830 HS=Hd*SMLEL 
832 R E T 2 = - R H *  C EXP CHS ) - EXP C -HS ) ) 1 C EX? C KS 1 +EX? C - R S  1 > 
833 G 0  TU 347 
834 861 H E T 2 = - S O R T C A B S ( ~ I S C ~ 2 > )  
836 G1d T0 347 
837 66 P R I N T  980 
838 10 STU? 
839 6 7  R T = S Q H T C U I S C I ~ ~ )  
841 H U = R T * S M L E L  
842 t3 E T 2 = R  T * C 5 I r\l C k L) ) /C!& ( A Cl 1 1 
843 347 I F C F 1 ~ l ) 7 2 0 r 7 2 0 r 7 3 0  
844 730 I F C F d U ) 7 3 1 r 7 3 1 ~ 7 3 2  
846 720 I F C F Q U ) 7 3 3 r 7 3 3 ~ 7 3 4  
847  733 t?ET3=SMLW 
848 G 0  T 0  710 
849 734 R E T 3 = O *  
8S1 G 0  TO 710 
852 731 XI=FM*?I/WLITH 
8S3 R E T 3 = C S I N C X  I*CFMIJ+l *O ) *SMLW)-S INCXI *Fm~*SmLW)  ) / X I  

81 6 F # U = F L Q A T  COU 1 
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854 G O  T 8  710 
8S6 732 JI(=FQU 

858 XB=FN*PI*SMLW/WDTH 
859 XC=XB*FMU 

862 XE=FM*PI/WDTH 
863 XF=FQU*PI/SNLW 

857 XA=C-loO)**JK 

861 XD=XB*<FMU+lo) 

864 
866 761 liET3=SfYlLd*CB1SCFMU*FOLI*PI ) / 2 * 0  
867 G 0  T0 710 
868 760 XG=XE/<XF*XF-XE*XE) 
869 HET3=XG*(SINCXC)-XA*SIN(XU>> 
870 710 CBNTINUE 
87 1 FQUDrFLBAT(QU2- 1 1 
872 FMUD=FLBAT CMU2- 1 ) 
873 FMBAR=FLBATCMBAR) 
874 QSUM=QSUM+EPOU*RET2*RET3*RET9 CQUDMUDMBAR) /SMLw 
876 210 CBNTINUE 
877 SMUSUM=SMUSUM+QSUM 
878 220 CLI1NTINUE 
879 
881 70 EPM=l. 
882 G 0  T@ 303 
883 71 EPM=2.0 
884 303 IF(FM)920~920r930 
886 930 IFCFQUD)931~931~932 
887 920 IFCFQUU)933~933~934 

IFCXE-XF 1760~76 1 J 7 60 

IF CFM)?Or 70s 7 1 

888 933 HET8=SMLW 
889 G 0  Tril 910 
891 934 HET8=0* 
892. G 0  T0910 
893 931 XI=FM*PI/WDTH 
894 K E T 8 = ( S I N ( X I * ( F M U ~ + l o ~ ~ * S ~ L W ) - S I ~ ( X I ~ F M U D * S M L W ~ ) / X I  
896 60 T0 910 
897 932 JK=FQUD 
698 XAZC-1  o O ) * * J ) <  
899 XB=FM*PI*SMLW/WDTH 
901 XC=XB*FMUD 

903 XE=FN*PI/WWTH 
904 XF=FOUD*PI/SMLW 

902 XI)=XB* ( FMUD+ 1 00 1 

906 IF(XE-XF)960~961~960 
907 961 HETS=SMLW*C0S(FQUD*FMUD*PI)/2 00 
908 G 0  TO, 910 
999 960 XG=XE/<XF*XF-XE*XE) 
911 R E T 8 = X G * C S I N ( X C ) - X A * S I N O )  
912 910 CBNTINUE 
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913 F I R S U M = F I R S U M - E P M * S M U S U ~ * ~ ~ T ~ / ( ~ ~ T ~ W ~ T ~ )  
914 200 CBNTINUE 
915 955 FBHMAT(4FlOe5r213) 
916 Xl(QU2rMU2rMBAR)=FIRSUM 
918 176 ClBNTINUE 
919 175 C0rLTINUE 
920 fF(NN-NS)6r7r7 
922 6 00 188 MU2=lrMUMAX 
923 014 182 OU2=lrQUtYAX 
924 RET9CQJJ2aMU2r MBAH 1 =X1 CQU2rMU2rMBAR) 
925 182 CBNTINUE 
926 188 CBNTINUE 
927 NN=NN+l 
928 GO  T B I  
929 7 Dk3 183 MU2=ltMUMAX 
930  U@ 184 QU2=lrWUMAX 
931 A=A 
933 184 CBt’JTINilE 
934 183 CBNTINUE 
935 980 FBRMAT(2HN0) 
938 956 FBRMATCFlO*Sr213) 
940 RETURN 
950 END 
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SSBPD2 11:28 HidCKET 

50C PRESSURE DISTRIBUTIUN-CHAMBER SIDE 
55 INTEGER QUIQQIQUMAXIQU~IQIMAX 
56 DIlviENSI0N RET9C2012011 11x1 (201201 1) 
60 10 PRINT 915 
61 Y = O *  
65 91 5 F~RMATCIHOI~XJ~~HINPUT: PHEEJIC~NINUM~ISTEP 1 
70 INPUTsPHEEl I ICBMINUMBISTEP 
71 PRINT 917 
72 91 7 FBKMAT C ~HOI~XII~HINPUT: MU1 I NSs d 1 PIAX) 
73 INPUTIMUl I NSIQl WAX 
7 5 
7 6  30 PRINT 916 
7 7  
78&SMLW>SMLELsXLNGTH ) 

79 I N P U T I M U M A X s Q U M A X I M M A X I ~ d A K I # ~ T ~ I  SMLWISMLELJXLNGTH 
81 20 PRINT 910 
82 N=1 
83 PRINT 911 
84 PRINT ~ ~ ~ ~ P H E E ~ I W D T H I S M L W I S M L E L I X L N G T ~  
85 PRINT 912 
86 PRINT ~ ~ ~ I M M A X I M U M A X I Q U M A X ~ M B A R  
87 PHEE=PHEEl /WDTH 
89 15 D0 170 MU2=lsMUMAX 
90 D0 171 QU~=IIQUMAX 
92 FMBAR=FLBAT (MBAR ) 
93 PIz3.141592 
94 RET9 C Q U ~ I M U ~ I  MBAR )=O 
9s 171 C0NTINUE 
96 170 CBNTINUE 
97 D0 172 MU2=1sMUMAX 
98 QU2=1 
99 FMUB=FL0AT(MU2-1) 
101 FQU2=FL0AT(QU2-1) 
102 IFCFMBAH)21r21r22 
103 22 IFCFQU2)31131,32 
104 21 iFCFQU2)33133134 
105 33 RET~CBU~IMU~~MBAR)=SMLW 
107 GO T@ 1 1  
108 34 HET~(QU~IMU~IMBAR)=O*O 
109 G0 T0 1 1  
110 PRINT 911 
1 1 1  31 XI=FNBAR*PI/WDTH 

113&-SIMCXI*FMU2*SMLW))/XI 
114 G 0  TO 1 1  
115 32 JK=FQU2 
116 XA=C-l*O)**JK 
117 XF=FQU2*Pf/SMLW 
118 XB=JMBAH*PI*SMLW/WDTH 

IF C IC0N)201201 30 

9 16 F0iiMAT ( 1 H012X15 1 HI NPUT :MUMAX* QUMAXI N i W X s  MtlAds WDTHI 

112 R E T ~ C ~ U ~ ~ M ~ ~ I M B A R ) = ( S I N C X I * C F M U ~ + ~ . O ) * S M L ~ )  
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119 XC=XB*FMU2 
120 PRINT 912 
121 XD=XB*CFMU2+1eO) 
122 XE=FMBAR*P I /WDTH 
123 
124 
125 GO T0 1 1  
126 58 XG=XE/<XF*XF-XE*XE) 
128 RET9cQU2r MU2r MBAR )=XG*CSI N<XC) -XA*SINCXD) 1 
129 1 1  C0NTINUE 
131 173 CQNTINtJE 
132 172 C0NTINUE 
133 CALL ARICPHEEIWDTHJ SMLELrSMLWsXLNGTHrRET9r 
1348cMuMAX1 QUMAXr MMAXr MBARD MU1 r NSr Q 1  MAX, FMI.113, FQUDr X 1 ) 
135 PI=3*141592 
140 FIRSUM=O* 
145 D0 200 MZlrMMAX 
150 FM=FLBAT(M-l) 
155 AA=FM*PI/WDTH 
160 DI SCR=PHEE*pHEE-AA*AA 
165 IFCDISCR)50r 51 r52 
170 SO AHT=SQHT<-DISC~)*XLI~GTH 
175 IFCART-4. )850r851r851 
180 850 CALL TANHY(D1SCHrXLNGTHrRET) 
185 G 0  T@ 852 
190 851 RET=-SQRT<A~SCDISCR)) 
195 852 643 T@ 300 
200 51 PRINT 980 
205 GB T0 10 
210 52 CALL TANCDISCRrXtNGTHrRET) 
21 5 300 QSUM=O* 
220 D0 210 QU=lrQUMAX 
225 FQU=FL@AT(QU-l) 
230 IF (FQ U ) 60, 60s 62 
235 60 EPQU=l*O 
240 G 0  T@ 301 
245 62 EPQU=2*O 
250 301 AB=FQU*PI/SMLW 
255 DISCR2=PHEE*PHEE-A~*AB 
260 IF (0 I S ' c R 2  165s 6 6 r  67 
265 65 ARP=SQRT(-DISCR2 )*.SMLEL 
270 IE(ARP-4.)860~861r861 
275 860 CALL T A N H Y < D I S C R ~ ~ S M L E L I H E T ~ >  
280 G(a TB 347 
285 861 RET2b-SQRT(ABS(DISCR2>1 
286 G@ TO 347 
290 66 PRINT 980 
295 G O  Ttil 10 
300 67 CALL TANCDISCR2rSMtELrRET2) 
305 347 SMUSUM=OeO 
310 302 D0 220 WU=lrMUMAX 

IF CXE-XF 158s 5 9 s  58 
59  RET9 <ad20 MU2r MBAH) =SMLW*CldS< F M U 2 * 1 . 0 U 2 * Y 1 )  12 -0  
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31 5 FMUxFLBAT <MU- 1 1 
32 5 CALL ARG CFOUs FMU r FMr SMLW s WDTHs RET3 1 
330 FMBAR=FLBATCMBAH) 
334 FQP=O-O 
343 SMUSUM=SMUSUM+EPQU*RET2*flET3*Xl CQUsMUs Mf3AK) /SMLW 
345 220 CBNTINUE 
355 QSUM=QSUM+SMUSUM 
360 210 CBNTINUE 
365 IFCFM)70r70r71 
370 70 EPM=l-O 
375 G0 T0 303 
380 71 EPM=2-0 
385 303 FIRSUM=FIRSUM+EPM+QSU~*C~SCFM*PI*Y/WDTH)/C~ET*WDTH) 
388 200 CBNTINUE 
392 PRINT 994sPHEElrYsFIRSUM 
393 994 FBRMAT C lHOs2Xs 5HPHEE=rFlO *5r3Xs2HY=*b 5-2r 3Xr 3HPC=>Fl2 - 5) 
394 IFCY-l0-)90s9ls91 
395 90 Y=Y+-l 
396 G 0  T 0  15 
397 91 GO T 0  10 
660 910 FBfiMATC3SHINITIAL VALUES FOR THIS CALCULATI.BN//) 
665 91 1 F ~ R M A T C I H O ~ ~ X ~ ~ ~ P H E E ~ ~ X S ~ H N D T H ~ ~ X S S H S M L W  r3XrSHSMLELr 
666&2Xs 6HXLNGTH) 
670 918 FBRMATCF8-4r4F8-2//) 
675 9 12 
680 919 FBRMATC4CSXsI3)///) 
690 980 FBHMATC9HDISCH=O*O) 
700 9 52 FBRMAT C I332 C 1 PE12 04) ) 
705 END 
710 SUttAldUTINE TANHYCXIYIZ) 
715 HR=SQi?TCABSCX)) 
720 RS=RH*Y 
725 Z = - R R * C E X P C H S ) - E X P C - ~ S ) ) / C ~ X P C ~ S ) + E X ~ C - ~ S ) )  
730 RETURN 
735 END 
740 SUBRBUTINE TANCXsYsZ) 
741 RT=SQRT CX 1 
742 HU=RT*Y 
743 Z=RT* C S IN CHU 1 /C@S CK U ) 1 
745 RETURN 
746 END 
747 SUBRBUTINE ARGCTAsTBsTCrTDr TErTF) 
748 PI=3-141592 
749 IFCTC)720~720r730 
751 730 IFCTA)731r731r732 
752 720 IFCTA>733r733~734 
753 733 TF=TD 
754 G 0  T 0  710 
755 734 TF=O- 
757  60  T 0  710 
758 731 XI=TC4PI/TE 

FQHMAT C 1 HOs 4x1 4HLViMAXa 3x1 5HMUMAXr 3x1 5HQUMAXr 4x1 4HMt3AR ) 
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759 TF=CSINCXI*CT~+l*O>*TD)-~I~CXI*TD))/XI 
760 G0 T0 710 
761 732 JK=TA 
762 XA=C-l oO>**JK 
763 XB=TC*P I*TD/TE 
764 XC=XB*TB 

766 XE=TC*PI/TE 
767 XF=TA*PI/TD 

765 XD=XB*CTB+l 00) 

768 
770 761 TF=TD*CBSCTA*TB*PI)/2*0 
772 GO T0 710 

774 TF=XG*CSIN<XC)-XA*SINCXD)I 
776 710 CBNTIMUE 
777 RETURN 
778 END 
779 SUBR0UTINE ARI (PHEEJ WDThr S~LELr SMLWrXLNGTHJRETS, 
~ ~ O ~ M U M A X ~ Q U M A X J M M A X I M B A K I  MU1 S N S J  Q 1  MAXJFMUDJFQUU~ X1) 
7131 INTEGER QU~UOJQUMAXJQU~JQI MAX 
782 UIMENSIBN RET9C20920s 1 )rX1<20~20~ 1) 
783 NN=1 
784 1 D0 175 NU2=lrMUMAX 
785 DO 176 OU2=lrQUMAX 
786 PI=3=141592 
787 FIRSt.JM=Oo 
788 D0 200 M=lrMP/rAX 
790 FPI=FLPIAT CM- 1 3 
791 AA=FM*PI/WDTH 
792 DISCR=PHEE*PHEE-AA*AA 
793 I F (DI SCR 3 501 5 1 J 52 
794 50 kHT=SQHTC-DfSCR)*XLNGTH 
796  IFCART-4~0)850~85lr851 
7 9 7  850 RR=SQRT<ABSCDISCR)) 
798 RS=RR*XLNGTH 
799 R E T = - H K * ( E X r ( R S ) - E X P ( - K S ) ) / ( E X P ( R S ) + E X P ( - ~ s ~ )  
801 G@ TO 852 
802 851 RET=-SQHT<ABS(DISCR)> 
803 85268 Ti3300 
804 51 ST0P 
806 GIB T@ 10 
807 52 HT=SQRTCDISCi?) 
808 HU=RT*XLNGTH 
809 R E T = R T * ( S I N < R U ) / C ~ S C R U ) )  
811 300 SMUSUM=O* 
812 D0 220 MU=lrMUMAX 
813 FMU=FLQATCMU-l) 
814 QSUM=O* 
815 D0 210 QU=lrQlWAX 

81 7 FQU=FQU-l*O 

IFCXE->IF 1760~ 76 1 J 760 

773 760 XG=XE/CXF*XF-XE*XE) 

81 6 FQU=FLBAT (QU) 
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81 8 I F  CFOU )60r  60r 6 2  
819 60 E?QU=l *O 

822 62 EPQU=2* 
8 2 3  301 AB=FQU*PI/SPiLW 
8 2 4  D I  SCR2=PHEE*PHEE--AB*At3 
8 2 6  IFCDISCR2>65s66r67  
827 6 5  ARP=SQKTC-DISCK2)*SMLEL 
828 IFCARP-4*0)860r861r861  
8 2 9  860 HR=SQRT(ABSCDISCR2)> 
830 RS=RR*SMLEL 
832 R E T 2 = - R ~ * C E X ? C ~ S ) - E X ~ C - ~ S ) ) / C E X p C ~ S ) + ~ X ~ ( - ~ s ) )  
833 G0 TO 347  
8 3 4  861 ~ET2=-SORT(A~SCDISCHe)  1 
836  G 0  T 0  347  
837 6 6  ? H I N T  980 
838 10 S T W  
839  67 RT=SWKTCDISCR2) 
841 HU=t?T*SMLEL 
E142 RET2=KT+CS INCRU) /CBS (r3U 1) 
8 4 3  3 4 7  IFCFM)720r720r730 
8 4 4  730  IF (FOU)7313731r732  
846 720 IFCFQU)733,733r734 

821 G O  r0 301 

8 4 7  7 3 3  RET3=SIYLW 
8 4 8  G O  T0 710 
8 4 9  734  HET3=O* 
851 G 0  T0 710 
852 731 XI=FM*PI/WDTH 
8 5 3  RET3=CSIN(XI*CFMU+l * O ) * S M L W ) - S I N < X I * F M i J * S M L ~ )  1 / X I  
8 5 4  GB Ti3 710 
856  732 JK=FOU 
857 X A = C - I  oO)**JK 
858 XB=FM*? I*SMLW/WDTh 
859 XC=XB*FMU 

862 XE=FM*PI/WDTH 
8 6 3  XF=FQU*?I/SMLW 

861 XD=XB*CFMU+l*) 

8 6 4  
866  7 6  1 RET3=SWLW*CBSCF~U*FOu*PI 112 D O  
867 GO T0 710  
868 760  XG=XE/CXF*XF-XE*XE) 
8 6 9  R E T 3 = X G * ( S I N ( X C ) - X A * S I N o )  
8 7 0  710  CBNTINUE 
871 FQlJD=FLBATCQU2-1> 
8 7 2  FMUD=FL0AT C M U 2 -  1 3 
8 7 3  FMBAR=FLBATCMBAR) 
87 4 QSUM=QSUM+EPQU*R ET2*RET3*RET9 C Q U* MU, MBAH) /SML W 
876  2 1 0  CBNTINUE 
877  SMUSUM=SMUSUM+QSuM 
8 7 &  220 CBNTINUE 
8 7 9  I F ( F P i ) 7 0 r 7 0 r 7 1  
881 70 EPM=l*  

I F  (XE-XF 17603 761 r 760  
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882 
883 
884 
886 
88 7 
888 
889 
89 1 
892 
893 
894 
896 
8 9 7  
898 
899 
90 1 
90 2 
90 3 
904 
906 
907 
90 8 
909 
91 1 
912 
91 3 
91 4 
91 5 
916 
918 
91 9 
920 
Y 2 2  
92 3 
92 4 
92 5 
92 6 
92 7 
92 8 
92 9 
9 30 
931 
933 
934 
935 
938 
9 40 
950 

GO T0 303 
7 1  EPMz2.0 
303 IF(FM1920~920~930 
930 IF(FOUD)931~931~932 
920 IF(FOUD)933~933~934 
933 RET8=SMLW 
GO TB 910 
934 HET8=O* 
GB T0910 
931 XI =FM*? I /WDTtl 

Gcd TO 910 
932 Jr<=FOUD 

XB=FM*P I*SMLW / WDTH 
?C=XB*FMUD 

XE=FM*PI/WDTH 
XF=FOUD*P I/SMLLJ 

HET8= ( S  IN(X14 ( F  PiUD+ 1 00 )*SPIL W 1 -SIN <XI*FNUD*SML W )  1 /X  I 

XA=(-leO)**JK 

XD=XB*<FMUD+l 0 0 1  

I f i  (XE-XF 19 609 96 1 * 960 
961 KET8=SMLW*C~SC~OUD*FMUD*PI)/2 *O 
GM TB 910 
960 XG=XE/(XF*XF-XE*XE) 
HET8=XG* ( S IN ( XC 1 -XA*S I N C XD 1 
910 CBNTINUE 
F I H S U M = F I ~ S ~ ~ - E P K * S K U S U ~ ~ * R E T + W D T H )  
200 CBNTINUE 
9 55 F0RMAT C4F 10 5r2 I 3  1 
X 1 ( Q U ~ J  L'U2r WdAK 1 =FIRSUM 
176 C0NTINUE 
175 CBNTINdE 
IF(NN-I\)S ) 6 r  7 J 7 
6 Df3 188 MU2=1*MUMAX 
OB 182 QU2=lrQUMAX 
RET9 ( W U 2 J  M t 1 2 ~  MdAR ) = X  1 (QU2 J MU2 JMdAH ) 
182 CWNTINUE 
188 C(dNT1MUE 
NN=NN+l 
GlD T U 1  
7 00 183 MU2=lrMUMAX 
D@ 184 QU2=1rWUMAX 
A=A 
184 CaNrINUE 
183 CBNTINUE 
980 FBHMATC2HNB) 
956 FaKMAT ( F  10 512 I 3  
RETURN 
END 
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SSMCE8 11:09 RibCKET 

5OC CHARACTERISTIC EQ ' N  F0K THE BAFFLE PRk)t.jLEM(ACTIVE B#!jNL)ARY) 
51 C0K?LEX H E T 9 r  DISCRIPHEEJAHTJ RET> SMUSUMr QSUMr D I  SCH2rARP+RET2r 
52&DSUM, F I S U O U J S E C S U M ~ D I S C R ~ ~ A ~ S J R E ~ S ~ X ~ . J  T B S U M ~ P H E E ~ J P H E E ~ ~  FIRSUfir  

55 INTEGER Q U I Q Q J  QUWAXr Q U 2 1  Q1 MAX 
60 DIMENSIBN HET9(20r20rl)iXlC20~2Orl~rT0SU~(3~ 
65 10 PRINT 915 
67 915 FBKMATCIHOJ~XI~~HINPUT: PHEEIIC@NINUMBSSTEP) 
69 INPUTaPHEElr ICBN>NUNBISTEP 
71 IFCIC0N)20r20=30 
73 30 PRINT 916 
7 5 9 16 F0RMAT C 1 H O r 2 X r  1 SHINPUT: MU1 r NSr til iqAX) 
77 
79 PRINT 917 
81 917 F B K M U T < I H ~ ~ ~ X J ~ ~ H I ~ P U T :  YQrYMA) 
83 INPUTIYQJYMA 
85 PRINT 918 
$7 91 8 F0HMAT ( l H O r 2 X I  51 HINPUT: MUMAXI QUMAXJ NMAXJMBAKJ WUTHI SIV~LWJ 
88&SMLEL>XLNGTH) 
90 
110 PHEE=PHEEl /WDTH 
120 20 N=l 
121 PRINT 913 
146 1 5  D0 169  JJ=lr3 
147 FJJ=FL0ATCJJ-l) 
148 FIND=CMPLX<*000001r*OOOOOl~ 
149 YQ=YQ+FJJ*FIND 
155 00 170 MU2=1sMUMAX 
160 D0 171 QU2=lrQUMAX 
165 FMBAK=FLQAT(MBAH) 
170 PI=3*141592 
175 RETS<QU2rMU2rMBAR)=CM~L~(O 10 1 
180 171 CBNTINUE 
185 170 C0NTINUE 
190 D0 172 MU2=lrMUMAX 
195 QU2=1 
200 FMU2=FLBATCMU2-1) 
205 FQU2=FL0AT (QU2- 1 1 
210 1F<FMBAK)21r21~22 
215 22 IFCFQU2)31r31r32 
220 21 IF(FQU2)33r33134 
225 33 HETS(QU2rMU2rMBAR)=SMLW 
230 60 TB 1 1  
235 34 R E T ~ C Q U ~ ~ M U ~ J M N ~ R ) = O * O  
240 6 8  T0 1 1  
250 31 XI=FMBAR*PI/WDTH 
2 55 R E T 9  C QU2r MU28 MBAR ) 
240&-SINCXI*FMU2*SMLW)>/XI 

53&PHEE1 ~ADAJREAJ RE63 YMAJ YQJHECI R E D >  REEt KEF JF IND I DFEF UNr YQ 1 J YQ2 

INPUT> MU 1 r NSrQ 1 MAX 

INPUT, MUMAXI Q UMAXs MMAX J MBARr WDTHr SMLWr SMLELr XLN GTH 

C S I N< X I * <FMU2+ 1 * O  *SML W )  
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265 G 0  T0 1 1  
270 32 JK=FQU& 

280 XF=FQU2*pI/SMLW 
285 xB=FMBAR*PI*SMLW/WUTH 
290 XC=XS*FMu2 
300 XD=XB*CFMgZ+l 00) 
305 XE=FMBAR*PI/WDTk 
310 IFCXE-XF)58rS9*58 
315 59 R E T ~ ( Q U ~ , M U ~ ~ ~ ~ A ~ ) = S M L W * C B S ( F ~ U ~ * F Q U ~ * ~ I  1 /2*0 
320 G 8  Ti3 1 1  
325 58 XG=XE/CXF*XF-XE*XE) 
330 R E T 9 C Q U 2 r M U 2 r M B A R ) = X G * ( S I N C X C ) - X A ~ S ~ ~ ( X D ) )  
335 1 1  CBNTINUE 
3.40 173  C&rNTINUE 
345 172 C 0 ) N T I W E  

275 X A z C - 1  *O)*+JK 

350 CALL AH1 (PHEEJ W D T H r S M L E L , S M L W s X L N G T H , ~ E r 9 , ~ ~ j A , y ~ ,  
~SS&~,U~~XIBUMAX,M~AX, M~ARIMUI r N S S Q 1  MAX, FMUD, FQUDI X1) 
360 PI=3*141592 
365 F IRSUM=CMPlX (0 r O  1 
370 DIB 200 M=I,MMAX 
375 FM=FL0AT CM- 1 1 
380 AA=FM*PI/WDTH 
385 DISCR=PHEE*PHEE-AA*AA 
390 IF C CABS (U I SCR 1 3 50 s 5 1 s 52 
395 50 ART=CSQRT(-DISCR)*XLNGTH 
420 852 G O  T 0  300 
425 51 PRINT 980 
430 (50 T0 IO 
435 52 CALL TAN(DISC~,XLNGTH=RET) 
436 ADA=CwPLX (0 s I 3 
437 REA=RET -ADA*PHEE*YMA 
438 R E B = I * O + A D A * P H E E * Y ~ A * ~ E T ~ ( ~ S ~ ~ T C D I S C R > * C S ~ ~ T ( ~ i S ~ ~ ) )  

440 300 SMiJSUM=CWPLX(O*rO*l 
445 DB 220 MU=lrMUWAX 
450 FMU=FLBATCMU-l> 
455 QSUM=CMPLXCO*,O*) 
465 L)Q 210 QU=lrQUMAX 
470 FQU=FLBATCQU-13 
475 I FCFQU 1 6 0 s  609 62 
480 60 EPQU=l*O 
485 G 0  TBI 301 
490 62 EPQU=2*0 
495 301 AB=FQU*PI/SMLW 
500 DISCR2=PHEE*PHEE-AB*AB 
505 
511) 65 ARP=CSQRT(-DISCR2) 
535 G B  T0 347 
540 66 PRINT 980 
545 Gtil T 0  10 

439 RET=REA/REB 

IF (CABS CDI SCR2 1 1653 66>67 
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550 6 7  CALL T H N ( U I S C H ~ I S ~ L L L , ~ E T ~ )  
55 1 r? EC =li E T 2 -  AUA*P hEE*Y d 
552 R E ~ = l . O + A D A * P H E E * Y O * ~ E T ~ / ( C S Q ~ r ( ~ i S C ~ 2 ) * C S ~ ~ T ( ~ i S ~ ~ 2 1 )  
553 KET2=REC/HED 
555 347 FMBAR=FLaAT(KdAR> 
560 CALL ARG<FB!JIFMUIFMI SMLlrJ, h'nll)TH,HET3 1 
555 FQR=O-O 
570 FMUiJ=FIY)U 
575 F Q I J D = F > ~ U  
580 QSU~=OSUM+EPQU*HET2*~~T3*~1 (QUI M U I  WBAd 1 /SMLW 
58 5 
590 F N U l = F L B A T ( k U i - l )  
595 2 1 0  C0NTINUE 
600 I F ( h M U - F M U 1 ) 4 r 5 1 4  
605 S LJSUiVl=dSUM 
6 1 0  4 SMlJSUM=SMUS!JM+QSUW 
615 220 CQNTINUE 
620 I F C F M ) 7 0 1 7 0 r 7 1  
625  70  E P M = l - O  
6 3 0  GI2 TLa 303 
6 3 5  71 E P N = 2 * 0  
640  303 FIKS~M=FIKSUW+SMUSUM*S~US~~~*E?~/(KET*W~TH) 
645 200 CBNTINtlE 
650 SECSUM=CMPLXCO*>O* 1 
6 5 5  D0 230 MU=l~ iViUiVAX 
665 F M l J = F L B A T ( N U - l )  
6 70 
675 U B  240 QU=l rd l l i "~AX 

6 8 S 
690  80 EPQU=I-O 
695  G @  TO 500 
700 Ell EPWU=2*O 
705 500 AC=FQU*PI/SKLW 
7 1 0  DISCR3=PHEE*PHEE-AC*AC 
7 1 5  I F C C A B S ( D I S C K 3 ) ) 9 0 r 9 l r Y 2  
720 90 ARS=CSQKTC-DISCK3)~S~L~L 
750 91 PRINT 980 
755 G 0  T 0  10 
760 92 CALL T A N < D I S C H ~ I S M L E L I R E T ~ )  
7 6 1  R&E=KETS-ADA*PHEE*YQ 
762 R E F = I O O + A D A * P H E E * Y O * ~ E T ~ / ( C S ~ ~ T ( ~ I S C ~ ~ ) * C S Q ~ T C D I S ~ R ~ ) )  
763 RETS=HEE/REF 
765  4 1 0  FQP=O-0 
770 FMUD=FMU 
7 7 5  FQUD=FOU 
780 F I S U Q ~ = F I S U Q U + R E T 5 * X l  ( Q u a  MUIMBAH 1 *X1( BiJr MU> MBAR 1 * 
785&EPQU/SMLW 
790  240 C Q N T I N U E  
795 SECSgM=SECSUM+FISUOU 
796 230 CBiVTINUE 

FIS!.JQY=CMPLX (0 IO 3 

680 FQU=FLBAT(QU-l )  
I F  ( EQ iJ 1 80 I 80 I 8 1 
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800 953 FBRMATCF12.6) 

806 169 CBNTINUE 
807 YQZ?=YQ-FIND 
808 DFEFUN=CTBSUM<3)-TBSIJ~C 1) )/C2*0*FIND) 
809 YQ=Yd2-T0SUMC2)/DFEFUN 
810 YQl=YQ 
815 PHINT ~ S ~ ~ N J Y Q ~ J T ~ S U M C ~ )  
81 6 DFEDUM=CABS(TBSUMC2) 1 
81 7 
820 969 IFcN-N~M~)975~975r976 
825 9 7 5  N=N+l 
830 YQ=YO-FIND 
835 613 T8 IS 
840 976 GiD TO 10 
895 9 13 FBt?PiAT C 1 HOr 1 X 3 1 HI r 4x3 6HK-PHEEr 5x1 6hI -PHEE 
~ ~ ~ L ~ ~ X ~ ~ H R - F E F U N C J  ~XJ~HI-FEFUWC) 
910 980 FBRMATCSHDISCR=O.O) 
945 952 F@KMAT<13r4F12*8) 
950 ENU 
985 SIJBRBUTINE TANCXrYaZ) 
986 CQMPLEX XJHTIKUIZ 
990 RT=CSQt?T CX) 
99s KU=HT*Y 
1000 Z=RT*CCS INCRU 1 /CCBS CHU 1 1 
1005 HETUBN 
1010 END 
101 5 SUBHBUTINE ARGCTAr TBr TCr TDJ TEr TF) 
1020 PI=3*141592 
1025 
1030 730 IFCTA)731~731r732 
1035 720 IFCTA)733r733r734 
1040 733 TF=TD 
1045 G 8  T0 710 
lOS0 734 TF=O= 
1055 G 0  T@ 710 
1060 731 XI=TC*PI/TE 
10.65 TF=CSINCXI*CTt3+1 =O )*TD)-SIN(XI*TB*TD)) 1x1 
1070 Go1 T0 710 
1075 732 Jt(=TA 

1085 XB=TC*PI*TD/TE 
1090 XC=XB*TB 
1095 XD=XB*CTB+l*O) 
1100 XE=TC*PI/TE 
1105 XF=TA*PI/TD 

805 TBSUMC JJ )=FIHSuM+SECSUM 

IFCDFEDUM- =000001 19769 9 7 6 r  969 

IF’cTC)  720 J n ? O r  730 

1080 XA=C-1 -O)**JK 

1 1  10 IFCXE-XF)76Or761>760 
1115 761 TF=TD*C~S(TA*T~*PI)/200 
1120 GO TO 710 
1125 760 XG=XE/CXF*XF-XE*XE) 
1130 T F = X G * C S I N C X C ) - X A * S I N < X D ) )  
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1135 710 CBNTINUE 
1140 RETURN 
1145 END 
1150 SUBRBUTINE ARI CPHEEr WDThrSMLELrSMLWrXLNGTHr~ET9rYMArYQr 
1 1 5 5 8 M U ~ ~ X r W U M A X r M M A X I M B A H I  MU1 r N S r U  1 MAXI FEt'UDr FQUDrXl) 
11  56 CBMPLEX F I R S U M r  UISCHJ ART, RR r  R S J  H E T i K T r  R U r  SmUSUNr 
~ ~ S ~ & Q S U M ~ D I S C K ~ ~ A R P I R E T ~ ~ R E T ~ ~ R E T ~ ~ X ~ ~ A D ~ ~ ~ E A J ~ E ~ ~ ~ ~ A ~ ~ ~ ~ R E ~ ~ ~ E D  
1160 INTEGER QUraQrWUMAX1OU2rQlMAX 
1165 DIMENSI0N RET9C20r20rl)rXl C20*20r1) ~ 

1175 1 DO 175 MU2=lrMUMAX 
1180 D 0  176 QU2=lrQUMAX 
1185 P1=3*141592 
1190 FIRSUM=CMPLXCO=rO=> 
1195 Dli) 200 M=l>MMAX 
1200 FM=FL@AT CM- 1 1 
1205 AA=FM*PI/WDTH 
1210 DISCH=PHEE*PHEE-AA*AA 
12 15 IF (CABS C D I S C R )  1501 51 r 52 
1220 50 ART=CSQHT(-DISC~)*XLMGTH 
1250 851 RET=-CSQRTC-DISCR) 
1255 852GEI TB300 
1260 51 STfdP 
1265 60 T8 10 
1270 52 CALL TANCDISCR~XLNGTHJRET~ 
1281 ADA=CMPLX(O-Orl *O) 
1 2 82 REA = K ET -ADA *PH EE* Y MA 

1284 RET=REA/REB 
1285 300 SMUSUM=CMPLX(O*rO*) 
1290 D 0  220 AlJ=lrMfJMAX 
1295 FMU=FL@AT(MU-l) 
1300 QSUM=CMPLX (0 - r 0 ) 

1305 D@ 210 QU=lrQlMAX 
1310 FQU=FLBATCQU> 
131 5 FQU=FQU-l*O 
1320 
1325 60 EPQU=leO 
1330 G0 T0 301 
1335 62 EFQU=2= 
1340 30 1 Ad=FQU*P I /SMLW 
1345 DISCH2=PHEE*PHEE-AB*AB 
13 SO 
1355 65 ARP=CSQRTC-DISCR2)*SMLEL 
1395 66 PRINT 980 
1400 10 ST0P 
1405 67 CALL TANCDISCR2rSMLELrRET2) 
141 5 REC=HET2-ADA*PHEE*YQ 

1170 NN=l 

1283 R E B = ~ . O + A U A * ~ H E E * Y M ~ * ~ E T / C C S Q R T < U I S C R > * C S ~ R T C D I S ~ R ) )  

IF CFQU 1 6 0 s  60 r 6 2  

IF (CABS CD I SCR2 ) ) 6 5 s  66r 67 
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1416 RED=l*O+ADA*PHEE*YQ*RET2~(CSQ~T(~IS~~~)*CSQ~T(~ISCR2)) 
141 7 RET2=HEC/RED 
1420 347 CALL A R G C F Q U J F M U J F M I S M L W I W D T ~ I ~ E T ~ )  
15-35 FQUD=FLBATCQUB-l) 
1540 FMUD=FLBATCMU2-1) 
1545 FMBAH=FLBAT(MBAR) 
1 550 QSUM=QSUM+ EPQ U*HETB*RET3*RET 9 C QUs MU1 WBAR 1 /SML W 
1555 210 CLllNTINUE 
1560 SMUSUM=SMUSUM+OSUM 
1565 220 CBNTINUE 
1570 IFCFM)70r70r 71 
1575 70 EPM=l* 
1580 G O  T0 303 
1585 71 EPM=2*0 
1590 303 CALL A H G C F Q U O I F M U D J F M = S M L ~ ~ W O T H s ~ E T g )  
1600 
1 705 FIHSUM=F IHSUM-EPM*SMUSUM*RET8/ <RET* WOTH) 
1710 200 CBNTIMJE 
1720 X1 C Q U 2 r  MU2r MdAR )=F IHSUM 
1725 176 C0NTINLIE 
1730 175 CBNTINUE 
1735 I F  < Nlq-NS ) 6 r  7 r  7 
1740 6 DO 188 MU2=lrMUMAX 
1745 D0 182 QUB=IJQUMAX 
1 7 50 HET9 ( B U ~ J  MU2 I MBAH 1 =X 1 ( Q U2 1 pU2 J MBAA 1 
1755 182 CBNTINUE 
1760 188 CPINTINUE 
1765 NN=NN+l 
1770 G 0  T01 
1775 7 CBNTINUE 
1800 980 FBRMATCBHNB) 
1810 RETURN 
1815 END 
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The r e s u l t s  show an e s s e n t i a l l y  continuous pressure  d i s t r i b u t i o n  along the  b a f f l e  t i p s  
Requirements f o r  con t inu i ty  of v e l o c i t y  and energy f l u x  are au tomat ica l ly  met with 
t h i s  method. 
b e r  with nonrigid walls, i . e . ,  ga in / loss - type  boundary condi t ions ,  has been success- 
f u l l y  analyzed f o r  one p a r t i c u l a r  two-dimensional geometry. 
e ra l ize  t h e  method f o r  nonzero boundary condi t ions  has  a l s o  been demonstrated.  Fin-  
a l l y ,  convergence of t he  i t e r a t i o n  scheme has not been proved but  very  good numerical 
r e s u l t s  were obtained and i t  is  l i k e l y  t h a t  adequate convergence can be  achieved. 

13 A B S T R A C T  

These methods encompass 

A v a r i a t i o n a l  technique i n  combination with an i t e r a t e d  approxima- 

Furthermore, t h e  effects of a s i n g l e  b a f f l e  on t h e  s t a b i l i t y  of a cham- 

Thus, t h e  a b i l i t y  t o  gen- 
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